

http://www.cambridge.org/9780521868914

LONDON MATHEMATICAL SOCIETY LECTURE NOTE SERIES
Managing Editor:

Professor N. J. Hitchin, Mathematical Institute, University of Oxford, 24-29 St Giles,
Oxford OX1 3LB, United Kingdom

The titles below are available from booksellers, or from Cambridge University Press at
www.cambridge.org/mathematics

215 Number theory 1992-93, S. DAVID (ed)
216 Stochastic partial differential equations, A. ETHERIDGE (ed)
217 Quadratic forms with applications to algebraic geometry and topology, A. PFISTER
218 Surveys in combinatorics, 1995, P. ROWLINSON (ed)
220 Algebraic set theory, A. JOYAL & I. MOERDIJK
221 Harmonic approximation., S.J. GARDINER
222 Advances in linear logic, J.-Y. GIRARD, Y. LAFONT & L. REGNIER (eds)
223 Analytic semigroups and semilinear initial boundary value problems, KAZUAKI TAIRA
224 Computability, enumerability, unsolvability, S.B. COOPER, T.A. SLAMAN & S.S. WAINER (eds)
225 A mathematical introduction to string theory, S. ALBEVERIO, et al
226 Novikov conjectures, index theorems and rigidity I, S. FERRY, A. RANICKI & J. ROSENBERG (eds)
227 Novikov conjectures, index theorems and rigidity II, S. FERRY, A. RANICKI & J. ROSENBERG (eds)
228 Ergodic theory of 74 actions, M. POLLICOTT & K. SCHMIDT (eds)
229 Ergodicity for infinite dimensional systems, G. DA PRATO & J. ZABCZYK
230 Prolegomena to a middlebrow arithmetic of curves of genus 2, J.W.S. CASSELS & E.V. FLYNN
231 Semigroup theory and its applications, K.H. HOFMANN & M.W. MISLOVE (eds)
232 The descriptive set theory of Polish group actions, H. BECKER & A.S. KECHRIS
233 Finite fields and applications, S. COHEN & H. NIEDERREITER (eds)
234 Introduction to subfactors, V. JONES & V.S. SUNDER
235 Number theory 1993-94, S. DAVID (ed)
236 The James forest, H. FETTER & B. G. DE BUEN
237 Sieve methods, exponential sums, and their applications in number theory, G.R.H. GREAVES et al
238 Representation theory and algebraic geometry, A. MARTSINKOVSKY & G. TODOROV (eds)
240 Stable groups, FO. WAGNER
241 Surveys in combinatorics, 1997, R.A. BAILEY (ed)
242 Geometric Galois actions I, L. SCHNEPS & P. LOCHAK (eds)
243 Geometric Galois actions II, L. SCHNEPS & P. LOCHAK (eds)
244 Model theory of groups and automorphism groups, D. EVANS (ed)
245 Geometry, combinatorial designs and related structures, J.W.P. HIRSCHFELD et al
246 p-Automorphisms of finite p-groups, E.I. KHUKHRO
247 Analytic number theory, Y. MOTOHASHI (ed)
248 Tame topology and o-minimal structures, L. VAN DEN DRIES
249 The atlas of finite groups: ten years on, R. CURTIS & R. WILSON (eds)
250 Characters and blocks of finite groups, G. NAVARRO
251 Grobner bases and applications, B. BUCHBERGER & F. WINKLER (eds)
252 Geometry and cohomology in group theory, P. KROPHOLLER, G. NIBLO & R. STOHR (eds)
253 The g-Schur algebra, S. DONKIN
254 Galois representations in arithmetic algebraic geometry, A.J. SCHOLL & R.L. TAYLOR (eds)
255 Symmetries and integrability of difference equations, PA. CLARKSON & E-W. NIJHOFF (eds)
256 Aspects of Galois theory, H. VOLKLEIN er al
257 An introduction to noncommutative differential geometry and its physical applications 2ed,
J. MADORE
258 Sets and proofs, S.B. COOPER & J. TRUSS (eds)
259 Models and computability, S.B. COOPER & J. TRUSS (eds)
260 Groups St Andrews 1997 in Bath, I, CM. CAMPBELL et al
261 Groups St Andrews 1997 in Bath, II, C.M. CAMPBELL et al
262 Analysis and logic, C.W. HENSON, J. IOVINO, A.S. KECHRIS & E. ODELL
263 Singularity theory, B. BRUCE & D. MOND (eds)
264 New trends in algebraic geometry, K. HULEK, F. CATANESE, C. PETERS & M. REID (eds)
265 Elliptic curves in cryptography, I. BLAKE, G. SEROUSSI & N. SMART
267 Surveys in combinatorics, 1999, J.D. LAMB & D.A. PREECE (eds)
268 Spectral asymptotics in the semi-classical limit, M. DIMASSI & J. SIOSTRAND
269 Ergodic theory and topological dynamics, M.B. BEKKA & M. MAYER
270 Analysis on Lie groups, N.T. VAROPOULOS & S. MUSTAPHA
271 Singular perturbations of differential operators, S. ALBEVERIO & P. KURASOV
272 Character theory for the odd order theorem, T. PETERFALVI
273 Spectral theory and geometry, E.B. DAVIES & Y. SAFAROV (eds)
274 The Mandlebrot set, theme and variations, TAN LEI (ed)
275 Descriptive set theory and dynamical systems, M. FOREMAN et al
276 Singularities of plane curves, E. CASAS-ALVERO



Computational and geometric aspects of modern algebra, M.D. ATKINSON et al
Global attractors in abstract parabolic problems, J.W. CHOLEWA & T. DLOTKO

Topics in symbolic dynamics and applications, . BLANCHARD, A. MAASS & A. NOGUEIRA (eds)

Characters and automorphism groups of compact Riemann surfaces, T. BREUER

Explicit birational geometry of 3-folds, A. CORTI & M. REID (eds)

Auslander-Buchweitz approximations of equivariant modules, M. HASHIMOTO
Nonlinear elasticity, Y. FU & R.W. OGDEN (eds)

Foundations of computational mathematics, R. DEVORE, A. ISERLES & E. SULI (eds)
Rational points on curves over finite, fields, H. NIEDERREITER & C. XING

Clifford algebras and spinors 2ed, P. LOUNESTO

Topics on Riemann surfaces and Fuchsian groups, E. BUJALANCE et al

Surveys in combinatorics, 2001, J. HIRSCHFELD (ed)

Aspects of Sobolev-type inequalities, L. SALOFF-COSTE

Quantum groups and Lie theory, A. PRESSLEY (ed)

Tits buildings and the model theory of groups, K. TENT (ed)

A quantum groups primer, S. MAJID

Second order partial differential equations in Hilbert spaces, G. DA PRATO & J. ZABCZYK
Introduction to the theory of operator spaces, G. PISIER

Geometry and Integrability, L. MASON & YAVUZ NUTKU (eds)

Lectures on invariant theory, . DOLGACHEV

The homotopy category of simply connected 4-manifolds, H.-J. BAUES

Higher operads, higher categories, T. LEINSTER

Kleinian Groups and Hyperbolic 3-Manifolds Y. KOMORI, V. MARKOVIC & C. SERIES (eds)
Introduction to Mobius Differential Geometry, U. HERTRICH-JEROMIN

Stable Modules and the D(2)-Problem, F.E.A. JOHNSON

Discrete and Continuous Nonlinear Schrodinger Systems, M. J. ABLORWITZ, B. PRINARI &
A.D. TRUBATCH

Number Theory and Algebraic Geometry, M. REID & A. SKOROBOGATOV (eds)
Groups St Andrews 2001 in Oxford Vol. 1, C.M. CAMPBELL, E.F. ROBERTSON &

G.C. SMITH (eds)

Groups St Andrews 2001 in Oxford Vol. 2, C.M. CAMPBELL, E.F. ROBERTSON &

G.C. SMITH (eds)

Peyresq lectures on geometric mechanics and symmetry, J. MONTALDI & T. RATIU (eds)
Surveys in Combinatorics 2003, C. D. WENSLEY (ed.)

Topology, geometry and quantum field theory, U. L. TILLMANN (ed)

Corings and Comodules, T. BRZEZINSKI & R. WISBAUER

Topics in Dynamics and Ergodic Theory, S. BEZUGLYI & S. KOLYADA (eds)

Groups: topological, combinatorial and arithmetic aspects, T. W. MULLER (ed)
Foundations of Computational Mathematics, Minneapolis 2002, FELIPE CUCKER et al (eds)
Transcendental aspects of algebraic cycles, S. MULLER-STACH & C. PETERS (eds)
Spectral generalizations of line graphs, D. CVETKOVIC, P. ROWLINSON & S. SIMIC
Structured ring spectra, A. BAKER & B. RICHTER (eds)

Linear Logic in Computer Science, T. EHRHARD et al (eds)

Advances in elliptic curve cryptography, I. E. BLAKE, G. SEROUSSI & N. SMART

Perturbation of the boundary in boundary-value problems of Partial Differential Equations, D. HENRY

Double Affine Hecke Algebras, . CHEREDNIK

Surveys in Modern Mathematics, V. PRASOLOV & Y. ILYASHENKO (eds)

Recent perspectives in random matrix theory and number theory, F. MEZZADRI &

N. C. SNAITH (eds)

Poisson geometry, deformation quantisation and group representations, S. GUTT et al (eds)
Singularities and Computer Algebra, C. LOSSEN & G. PFISTER (eds)

Lectures on the Ricci Flow, P. TOPPING

Modular Representations of Finite Groups of Lie Type, J. E. HUMPHREYS

Fundamentals of Hyperbolic Manifolds, R. D. CANARY, A. MARDEN & D. B. A. EPSTEIN (eds)
Spaces of Kleinian Groups, Y. MINSKY, M. SAKUMA & C. SERIES (eds)
Noncommutative Localization in Algebra and Topology, A. RANICKI (ed)

Foundations of Computational Mathematics, Santander 2005, L. PARDO, A. PINKUS, E. SULI &
M. TODD (eds)

Handbook of Tilting Theory, L. ANGELERI HUGEL, D. HAPPEL & H. KRAUSE (eds)
Synthetic Differential Geometry 2ed, A. KOCK

The Navier-Stokes Equations, P. G. DRAZIN & N. RILEY

Lectures on the Combinatorics of Free Probability, A. NICU & R. SPEICHER

Integral Closure of Ideals, Rings, and Modules, I. SWANSON & C. HUNEKE

Methods in Banach Space Theory, J. M. F. CASTILLO & W. B. JOHNSON (eds)

Surveys in Geometry and Number Theory, N. YOUNG (ed)

Groups St Andrews 2005 Vol. 1, C.M. CAMPBELL, M. R. QUICK, E.F. ROBERTSON &
G.C. SMITH (eds)

Groups St Andrews 2005 Vol. 2, C.M. CAMPBELL, M. R. QUICK, E.F. ROBERTSON &
G.C. SMITH (eds)

Ranks of Elliptic Curves and Random Matrix Theory, J. B. CONREY, D. W. FARMER, F.
MEZZADRI & N. C. SNAITH (eds)



Lectures on Kidhler Geometry

ANDREI MOROIANU
Ecole Polytechnique, Paris

77 CAMBRIDGE

J UNIVERSITY PRESS




CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sio Paulo

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK
Published in the United States of America by Cambridge University Press, New York

www.cambridge.org

Information on this title: www.cambridge.org/9780521868914

© A. Moroianu 2007

This publication is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2007

ISBN-13  978-0-511-27410-7 eBook (EBL)
ISBN-10  0-511-27410-6  eBook (EBL)

ISBN-13  978-0-521-86891-4  hardback
ISBN-10  0-521-86891-2  hardback

ISBN-13  978-0-521-68897-0  paperback
ISBN-10  0-521-68897-3  paperback

Cambridge University Press has no responsibility for the persistence or accuracy of utls
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org
http://www.cambridge.org/9780521868914

Contents

Introduction

Part 1. Basics of differential geometry

Chapter 1. Smooth manifolds
1.1. Introduction
1.2.  The tangent space
1.3.  Vector fields
1.4. Exercises

Chapter 2. Tensor fields on smooth manifolds
2.1.  Exterior and tensor algebras
2.2. Tensor fields
2.3. Lie derivative of tensors
2.4. Exercises

Chapter 3. The exterior derivative
3.1. Exterior forms
3.2. The exterior derivative
3.3. The Cartan formula
3.4. Integration
3.5. Exercises

Chapter 4. Principal and vector bundles
4.1. Lie groups
4.2. Principal bundles
4.3. Vector bundles
4.4. Correspondence between principal and vector bundles
4.5. Exercises

Chapter 5. Connections
5.1. Covariant derivatives on vector bundles
5.2.  Connections on principal bundles
5.3. Linear connections
5.4. Pull-back of bundles
5.5. Parallel transport
5.6. Holonomy
5.7. Reduction of connections

X

w =

W

13
13
15
17
19

21
21
21
23
24
26

29
29
31
33
33
35

37
37
39
41
41
42
43
44



vi CONTENTS

5.8. Exercises

Chapter 6. Riemannian manifolds
6.1. Riemannian metrics
6.2. The Levi-Civita connection
6.3. The curvature tensor
6.4. Killing vector fields
6.5. Exercises

Part 2. Complex and Hermitian geometry

Chapter 7. Complex structures and holomorphic maps
7.1. Preliminaries
7.2.  Holomorphic functions
7.3. Complex manifolds
7.4. The complexified tangent bundle
7.5. Exercises

Chapter 8.  Holomorphic forms and vector fields
8.1. Decomposition of the (complexified) exterior bundle
8.2. Holomorphic objects on complex manifolds
8.3. [Exercises

Chapter 9. Complex and holomorphic vector bundles
9.1. Holomorphic vector bundles
9.2. Holomorphic structures

9.3. The canonical bundle of CP™
9.4. Exercises

Chapter 10. Hermitian bundles
10.1.  The curvature operator of a connection
10.2.  Hermitian structures and connections
10.3. Exercises

Chapter 11. Hermitian and Kahler metrics
11.1. Hermitian metrics
11.2. Kahler metrics
11.3. Characterization of Kéhler metrics
11.4. Comparison of the Levi-Civita and Chern connections
11.5. Exercises

Chapter 12. The curvature tensor of Kahler manifolds
12.1. The Ké&hlerian curvature tensor
12.2. The curvature tensor in local coordinates
12.3. Exercises

Chapter 13. Examples of Kéahler metrics



13.1.
13.2.
13.3.
13.4.

CONTENTS

The flat metric on C™

The Fubini-Study metric on the complex projective space
Geometrical properties of the Fubini-Study metric
Exercises

Chapter 14. Natural operators on Riemannian and Kéahler manifolds

14.1.
14.2.
14.3.
14.4.

The formal adjoint of a linear differential operator
The Laplace operator on Riemannian manifolds
The Laplace operator on Kéhler manifolds
Exercises

Chapter 15. Hodge and Dolbeault theories

15.1.
15.2.
15.3.

Part 3.

Hodge theory
Dolbeault theory
Exercises

Topics on compact Kahler manifolds

Chapter 16. Chern classes

16.1.
16.2.
16.3.

Chern—Weil theory
Properties of the first Chern class
Exercises

Chapter 17. The Ricci form of Kahler manifolds

17.1.
17.2.
17.3.
17.4.

Kéahler metrics as geometric U,,-structures

The Ricci form as curvature form on the canonical bundle
Ricci-flat Kéahler manifolds

Exercises

Chapter 18. The Calabi-Yau theorem

18.1.
18.2.

An overview
Exercises

Chapter 19. Kahler-Einstein metrics

19.1.
19.2.
19.3.

The Aubin—Yau theorem
Holomorphic vector fields on Kahler—Einstein manifolds
Exercises

Chapter 20. Weitzenbock techniques

20.1.
20.2.
20.3.

The Weitzenbock formula
Vanishing results on Kahler manifolds
Exercises

Chapter 21. The Hirzebruch—Riemann—Roch formula

21.1.
21.2.
21.3.

Positive line bundles
The Hirzebruch-Riemann-Roch formula
Exercises

vii

93
93
95
97

99
99
100
101
104

105
105
107
109

111

113
113
116
118

119
119
119
121
122

125
125
127

129
129
131
133

135
135
137
139

141
141
142
145



viii CONTENTS

Chapter 22. Further vanishing results
22.1. The Lichnerowicz formula for Kahler manifolds
22.2. The Kodaira vanishing theorem
22.3. Exercises

Chapter 23. Ricci-flat Kahler metrics
23.1. Hyperkahler manifolds
23.2.  Projective manifolds
23.3. Exercises

Chapter 24. Explicit examples of Calabi—Yau manifolds
24.1. Divisors
24.2. Line bundles and divisors
24.3. Adjunction formulas
24.4. Exercises

Bibliography

Index

147
147
149
151

153
153
155
156
159
159
161
162
165
167

169



Introduction

These notes grew out of my graduate course at Hamburg University in the
autumn of 2003. Their main purpose is to provide a quick and modern in-
troduction to different aspects of Kahler geometry. I had tried to make the
original lectures accessible to graduate students in mathematics and theo-
retical physics having only basic knowledge of calculus in several variables
and linear algebra. The present notes should (hopefully) have retained this
quality.

The text is organized as follows. The first part is devoted to a review of
basic differential geometry. We discuss here topics related to smooth man-
ifolds, tensors, Lie groups, principal bundles, vector bundles, connections,
holonomy groups, Riemannian metrics, and Killing vector fields.

The reader familiar with the contents of a first course in differential ge-
ometry can pass directly to the second part, which starts with a description
of complex manifolds and holomorphic vector bundles. Kahler manifolds are
then discussed from the point of view of Riemannian geometry. This part
ends with an outline of Hodge and Dolbeault theories, and a simple proof of
the famous Kéhler identities.

In the third part we study several aspects of compact Kahler manifolds:
the Calabi conjecture, Weitzenbock techniques, Calabi—Yau manifolds, and
divisors.

The material contained in each chapter is equivalent to a ninety-minute
lecture. All chapters end with a series of exercises. Solving them may prove
to be at least helpful, if not sufficient, for a reasonable understanding of the
theory.

Acknowledgements. 1 would like to thank Christian Bar and the Department
of Mathematics of Hamburg University for having invited me to teach this
graduate course. During the preparation of the manuscript I had many dis-
cussions with Paul Gauduchon and Uwe Semmelmann which helped me a lot
to improve the presentation. I am also indebted to Mihaela Pilca and Liviu
Ornea for their critical reading of a preliminary version of these notes. Finally,
I would like to thank Roger Astley for his advice and his moral support.

Paris, September 2006






Part 1

Basics of differential geometry






CHAPTER 1

Smooth manifolds

1.1. Introduction

A topological manifold of dimension n is a Hausdorff topological space
M which locally “looks like” the space R™. More precisely, M has an open
covering U such that for every U € U there exists a homeomorphism ¢y :
U — U c R", called a local chart. The collection of all charts is called an
atlas of M. Since every open ball in R™ is homeomorphic to R" itself, the
definition above amounts to saying that every point of M has a neighbourhood
homeomorphic to R”.

EXAMPLES. 1. The sphere S™ C R""! is a topological manifold of di-
mension n, with the atlas consisting of the two stereographic projections
on S"\{S} — R" and ¢g : S™\ {N} — R™ where N and S are the North
and South poles of S™.

2. The union OxUQy of the two coordinate lines in R? is not a topological
manifold. Indeed, for every neighbourhood U of the origin in Oz U Oy, the
set U \ {0} has 4 connected components, so U can not be homeomorphic to

R.

We now investigate the possibility of defining smooth functions on a given
topological manifold M. If f : M — R is a continuous function, one is
tempted to define f to be smooth if for every x € M there exists U € U
containing x such that the composition

fU::fo¢51:UCR”—>R

is smooth. In order for this to make sense, we need to check that the above
property does not depend on the choice of U. Let V be some other element of
the open covering U containing z. If we denote by ¢y the coordinate change
function

by = by o byt dy(UNV) CR" = ¢p(UNV) C R,
then
fv = fuoduy.

Our definition is thus coherent provided the coordinate changes are all smooth
in the usual sense. This motivates the following:

3



4 1. SMOOTH MANIFOLDS

DEFINITION 1.1. A smooth (or differentiable) manifold of dimension n
is a topological manifold (M,U) whose atlas {py ey satisfies the following
compatibility condition: for every intersecting U,V € U, the map between
open sets of R™

duv = du o ¢y’
is a diffeomorphism. If this condition holds, the atlas {¢y tvey is also called
a smooth structure on M. An atlas is called oriented if the determinant of
the Jacobian matriz of ¢pyy is everywhere positive. An oriented manifold is a
smooth manifold together with an oriented atlas.

Unless otherwise stated, all smooth manifolds considered in these notes
are assumed to be connected.

We have seen that the existence of a smooth structure on M enables one to
define smooth functions on M. It is straightforward to extend this definition
to functions f : M — N where M and N are smooth manifolds:

DEFINITION 1.2. Let (M,{ov}tveu), (N,{v}vey) be two smooth mani-
folds. A continuous map f: M — N is said to be smooth if ¥y o f o ¢! is
a smooth map in the usual sense for every U € U and V € V. A homeomor-
phism which is smooth, together with its inverse, is called a diffeomorphism.

DEFINITION 1.3. Let M be a smooth manifold. A local coordinate system
around some x € M 1is a diffeomorphism between an open neighbourhood of
x and an open set in R™.

1.2. The tangent space

From now on, unless otherwise stated, by manifold we understand a
smooth manifold with a given smooth structure on it. In order to do cal-
culus on manifolds we need to define objects such as vectors, exterior forms,
etc. The main tool for that is provided by the chain rule. Recall that if
f:U CR"” — R™is a smooth function, its differential at any point x € U is
the linear map df, : R” — R™ whose matrix in the canonical basis is

ofi
(d) = G2 (@)

PROPOSITION 1.4. (Chain rule) Let U C R" and V. C R™ be two open
sets and let f : U — R™ and g : V — R* be two smooth maps. Then for
every x € UN f~4(V) we have

d(go f)z = dgys) o df (1.1)

In the particular situation where m =n =k, f : U — V is a diffeomor-
phism and g = f~!, the previous relation reads

(d(f ™D = (df)™ (1.2)
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Let « be a point of some manifold (M,U) of dimension n. We denote by I,
the set of all U € U containing x. On I, x R™ we define the relation “~,” by

(U7 u) ~a (V’U) — u = (d¢UV)¢V(z)<U)'

By (1.1) and (1.2), “~,” is an equivalence relation. An equivalence class is
called a tangent vector of M at x. By the linearity of the differentials d¢yy we
see that the quotient I, xR"™/ ~, is an n-dimensional vector space. This vector
space is called the tangent vector space of M at x and is denoted by T, M. The
tangent vector at x defined by the pair (U, ) is denoted by [U, u],. For each
U € U containing z, a tangent vector X € T,,M has a unique representative
(U,u) in {U} x R™. The vector u € R" is the “concrete” representation in
the chart ¢y of the “abstract” tangent vector X.

DEFINITION 1.5. The union of all tangent spaces TM = || .\ ToM
s called the tangent bundle of M. We will see later on that T'M has a
structure of a vector bundle over M and 1s, in particular, a smooth manifold
of dimension 2n.

If M and N are smooth manifolds, f : M — N is a smooth map and
x € M, one can define the differential df, : T, M — Ty N in the following
way: choose local charts ¢y and ¥y around = and f(x) respectively and define

dfz([Uu]) = [V.d(by o f 0 65" )y @) (w)]. (1.3)

Again, the chain rule shows that the definition of df, does not depend on the
choice of the local charts. It is a straightforward exercise in differentials to
check the following extension of the chain rule to manifolds:

PROPOSITION 1.6. Let M, N and Z be smooth manifolds and let f : M —
N and g : N — Z be two smooth maps. Then for every x € M we have

d(go [z = dgs() © dfs.

If f: M — N is a smooth map, the collection (df,).eps defines a map
df : TM — TN, called the differential of f, which will sometimes be denoted

by f..

A smooth map f: M — N is called a submersion if its differential df, is
onto for every x € M.

Let M be a smooth manifold of dimension n. A topological subspace
S € M of M is called a submanifold of dimension k if for every x € S there
exists a neighbourhood U of x in M and a local coordinate system ¢y : U — U
such that SN U = ¢, (R¥ N U). The restriction to S of all such coordinate
systems provides a smooth structure of dimension k£ on S.

THEOREM 1.7. (Submersion theorem) If f : M — N is a submersion
then f~(y) is a smooth submanifold of M for everyy € N.
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Proor. If y does not belong to the image of f, there is nothing to
prove. Otherwise, let z € f~'(y). By taking local charts around x and
y, we can assume that M and N are open subsets of R” and R™ respec-
tively. Since df, is onto, there exists a non-vanishing m x m minor in the ma-
(0f"/0x)1<ij<m is non-zero at x. Consider the map F': M — N x R"™™ C
R"™ F(z) = (f(2), Zm+1s - - -» 2n). The Jacobian of I at z is clearly non-zero,
so by the inverse function theorem there exists some open neighbourhood U
of z mapped diffeomorphically by F onto some U C R™. By construction
F(f'(y)nU) = {y} x R*™) N T, so we are done. O

1.3. Vector fields

Let M be a smooth manifold. Every map X : M — TM such that
X(x) € T, M for all x € M defines, for every local chart ¢ : U — UcCR" a
mapX¢:[7—>R”by

Xo(o(2)) = dou(Xy).
If all these maps are smooth, we say that X is a (smooth) vector field on M.
For z € M, X(z) (also denoted by X,) is thus a vector in the tangent space

T, M. The set of all vector fields on M is a module over the algebra of smooth
functions C*°(M) and is denoted by X (M).

EXAMPLE. Let e; denote the constant vector field on R™ defined by the

ith element of the canonical base. If ¢ : U — U is a local chart on M, we
define the local vector field 0/0x; on U by 0/0x;(x) := [U, €., i.e.
(dou) s <3i (a:)) =e; VaeUl.

Since for every x € U, (d¢y), is (tautologically) an isomorphism between
T, M and R", {0/0z;(x)}i=1, . is a basis of T, M. We say that {0/0z;} is a

local frame on U.

,,,,,

This notation is motivated by the following:

THEOREM 1.8. If ©(C*(M)) denotes the Lie algebra of derivations of
the algebra of smooth functions on M, there exists a natural isomorphism of
C®(M)-modules ® : X(M) — D(C>*(M)). In particular, X (M) has a natural
Lie algebra structure.

PROOF. First let U be some open set in R™. If X =Y X'e; is a smooth
vector field on U and f : U — R is a smooth function, we define another
function 0z f on U by




1.3. VECTOR FIELDS 7
Clearly Oy f is again smooth, and X defines in this way a derivation of C *(U):
0z (fg) = d(f9)(X) = (fdg + g df)(X) = fO5(9) + 90x [

If X is now a vector field on a smooth manifold M and f € C*(M), we
define (Ox f)(x) := df.(X). We will sometimes use the notation Jx, f rather
than (Ox f)(x). Using (1.3) for some chart ¢y : U — U, one can express the
restriction of dx f to U as follows:

(Ox f)(@) = d(f © by o) (X) = Oz (f o dp'))(du(2)),  VaeU, (L4)

where X = doy (X) is the vector field on U corresponding to X in the given
chart. The previous argument shows of course that dx f is smooth and that
f — Ox f is a derivation.

The map X +— 0Oy, clearly defines a morphism ¢ : X (M) — D(C>*(M))
of C*(M)-modules. In order to show that ® is an isomorphism, we need to
make use of so-called bump functions. For x € R" and 0 < € < 4, a smooth
function ¢ : R” — R is called a bump function if it is identically 1 on the
open ball B(x,¢) and vanishes identically outside B(z,d). The existence of
such functions will be proved in an exercise.

Let X € Ker(®). This means that
Oxf=0 (1.5)

for all smooth functions f on M. The (relative) difficulty here is to construct
enough smooth functions on M. Let us fix some x € M and a chart ¢y : U —
U such that U contains x, and denote by Z := ¢y (x). We choose 0 < & < §
such that B(z,6) € U and a bump function ¢ on U relative to the data
(Z,e,0). For every function 1 : U — R, the function

(@) (eu(y)), yeU,
f(y)—{o’ ye M\,

is by construction a smooth function on M. If X = d¢y(X) denotes as
before the vector field on U which represents X in the chart U, then by (1.4)
Ix,f = 0%, (vy) and from the properties of ¢ we obtain

<. () = (2)05. ¢ + ¢(2)05. ¥ = ¥(@)dps (X) + dibz(X) = dz(X).

Using (1.5) we get dipz(X) = 0 for every smooth function ¢. Taking 1) = x;
shows that X; = 0 at z, so finally X = 0 at x. Since x was arbitrary, this
proves that X vanishes on M.

It remains to show that every derivation D on C*(M) is defined by a
smooth vector field on M. The proof of this fact will be given in an exercise
at the end of this chapter. 0
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From now on we will often identify a smooth vector field X and the
corresponding derivation dx : C*°(M) — C*°(M) on functions. Notice that
every tangent vector at some point X, € T, M defines a linear map Jx, :
C>®(M) — R which satisfies

Ox,(f9) = 9(x)0x,(f) + f(2)0x.(g9), V¥ f,g€CZ(M).

DEFINITION 1.9. A path on a manifold M is a smooth map ¢ : R — M.
The tangent vector to ¢ at t, denoted by ¢(t) is by definition the image of the
canonical vector 0/0t € T;R through the differential of ¢ at t:

=i (2)

The formula relating the tangent vector at 0 to a path ¢, V := ¢(0), and
the corresponding linear map dy, on functions is

0 = dho (V) = dhao (o 37 ) ) =l oo 57 ) = (Foor@). (19

DEFINITION 1.10. Let X be a vector field on M and let x be some point
of M. A local integral curve of X through x is a local path ¢ : (—e,e) — M
such that c(0) = x and &(t) = Xy for every t € (—¢,¢€).

PROPOSITION 1.11. Let X € X(M) be a smooth vector field on the man-
ifold M.

(i) For every x € M there exists € > 0 such that for every 6 < e, there
exists a unique integral curve of X through x defined on (—96,0).

(i7) For every x € M there exists an open neighbourhood U, of x and
e > 0 such that the integral curve of X through every y € U, is defined for
|t] <e.

(1ii) For x € M, let U, and € be given by (ii). Ift < € we define the map
or Uy — M by p(y) := ¢y (t), where ¢, is the integral curve of X through y.
Then we have

¥t ©Ps = Ps+t, v |t|a|3|7|8+t| <ég, (17)
on the open set where the composition makes sense.

(iv) For every t < e, the local map @y is a local diffeomorphism.

PROOF. Let ¢ : U — U be a local chart such that x € U and let X =
dp(X) be the vector field induced by X on U. By Proposition 1.6, a local
path c is a local integral curve of X if and only if the local path ¢ := ¢ oc
is a local integral curve of X. Since the statement of the proposition is local,
we can therefore assume that M is an open subset of R™. Let us express
X and the local path ¢ in the canonical frame of R® by X = Y X,e; and
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c(t) = > ci(t)e;. The fact that ¢ is an integral curve for X through 0 is
equivalent to the following system of ODEs:

c(0) = z,
{c;m ~ X(elt)) (18)

The statements (i) and (i7) now follow directly from the theorem of Cauchy—
Lipschitz.

If y € Uy, both curves ¢;(t) := s14(y) and co(t) := ¢y 0 p,s(y) are integral
curves of X through ¢4(y), so by (i) they coincide. This proves (ii).

The theorem of Cauchy—Lipschitz actually says that the solution of the
system (1.8) is a smooth function with respect to both x and ¢. This shows
that each ¢; is smooth. Finally, (iv) follows by taking ¢ = —s in (i) and
using that ¢q is the identity map by definition. 0

A family of local diffeomorphisms {¢;} of M satisfying (1.7) is called a
pseudogroup of local diffeomorphisms of M. If the local maps ¢, are defined
by a vector field X as before, the pseudogroup {¢;} defined in Proposition
1.11 is called the local flow of X.

A vector field is called complete if its flow is globally defined on M x R.

We will use the flow of vector fields in order to differentiate interesting
objects on smooth manifolds called tensor fields. In order to introduce them,
we need to recall some background of linear algebra in the next chapter.

1.4. Exercises

(1) Show that a connected topological manifold is path connected.

(2) Use the explicit formulas of the stereographic projections to check
that the sphere S™ is a smooth manifold.

(3) Alternatively, show that S™ is a smooth manifold using the submer-
sion theorem.

(4) Show that every connected component of a smooth manifold is again
a smooth manifold.

(5) (The real projective space) Let RP™ denote the space of real lines in
R™*! passing through 0. Check that RP" is a smooth manifold of
dimension n. Hint: Denote by U; the set of lines not contained in
the hyperplane (z; = 0). Show that there exist natural bijections
¢; : U; — R™ defining a topology and a smooth atlas on RP".
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(6)

(7)
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If M and N are smooth manifolds, show that M x N has a smooth
structure such that the canonical projections my; : M x N — M and
: M x N — N are smooth.

Let M and N be smooth manifolds and let x € M, y € N be arbi-
trary points. Show that the tangent space T{,,)M x N is naturally
isomorphic to T, M & T, N.

Prove that if ¢y : U — U is a local chart on a manifold M and X =
[U, u] is an abstract tangent vector at some x € U, then (d¢y).(X) =
w. Hint: Since U is an open subset of R”, one may apply (1.3) by
choosing the trivial chart 9y = Id;.

Let {9/0x;} and {9/0y;} be the local frames on M defined by two
local charts ¢ : U — U and 1 : V — V. We denote by {z;} and

{y;} the coordinates on U and V respectively, and by a slight abuse
of notation, we denote by z = z(y) the diffeomorphism ¢ o ¢)~1 :
Y(UNV)— ¢(UNV). Prove the relation

8 . - 8@&
8% = 8yz (9xj

between local vector fields on M.

Let ¢; be the local flow of a vector field £. Prove that (¢;).(&,) =
pi(x) for all t and @ where ¢, () is defined.

Let f: R — R be the smooth function
1
e -0 te(0,1),
t) =
/) {0, otherwise,

and denote by F' the “normalized” primitive of f:

T f()at
F(s):= W

Prove that for 0 < ¢ < 4, the function ¢ : R® — R defined by

ot — 22
p(x) = F( R
is a bump function which is identically 1 on the open ball B(0,¢)
and vanishes identically outside B(0, ¢).
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(12) Show that for every derivation D of C*°(M) there exists a smooth
vector field X such that D = 0Ox. Hint: Let p € M and let
(x1,...,2p) = ¢y - U — U be a local coordinate system around
p. If ¢ is a bump function around p with support contained in U,

define
" 0
X, =Y D(pz;) ( >
P ; axl »

and show that X, is independent of ¢ and ¢y;. Check the smoothness
of the vector field obtained in this way.

(13) Show that every vector field on a compact manifold is complete.






CHAPTER 2

Tensor fields on smooth manifolds

2.1. Exterior and tensor algebras

Let V denote a real vector space of dimension n, with dual vector space
denoted by V*. Let VF .= V® & (V*)®l denote the space of tensors of type
(k,1) (we take by convention V®° :=R) and let

T(V):= P v

>0

denote the tensor algebra of V. For k,l > 1 we define the contraction map
CkL: T(V) — T(V) by plugging the vector on the position k into the element
of V* on the position [ for each decomposable element. Clearly C*! vanishes
on VFV if k> K or I > I, and maps V¥ to V¥ ~1¥'~1 otherwise.

Consider the two-sided ideal I of the graded subalgebra

(V) =P ve

k>0

generated by elements of the form v; ® - - - ® v, with v; = v; ;1 for some 7. It
is easy to check that I = @, Iy, where I}, := I N V®*. Since [ is a graded
ideal, the quotient AV := 79(V)/I is a graded algebra, called the exterior
algebra. We denote by A*V := V®k /I, the kth exterior power of V and by 7
the canonical projection 7 : V& — AFV. The image of v; ® - - - ® v, in A*V
is denoted by v; A --- A vg,. Elements of AV are usually called multivectors
and elements of A*V* are called exterior forms. The tensor product induces a
bilinear pairing called exterior product on multivectors and on exterior forms.

Recall that there is a canonical isomorphism between tensors of type (0, p)
and multilinear forms on V? which associates to any decomposable element
a1 ® - ®@a, € (V*)* the multilinear form

p

(@ @ay)(vg,- -+ ,0p) 1= Hai(vi).

i=1

Similarly, there is a canonical isomorphism between exterior p-forms and mul-
tilinear alternate forms on V? defined on decomposable elements by

(g A= ANay)(vr, -+, vp) i= det(a;(vy)). (2.1)
13
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Incidentally, this provides an injective map APV* — (V*)*P

ANy () ® - ® gy,
O’GGn

where €(0) denotes the signature of the permutation 0. We will often use
this map in order to view exterior p-forms as (0, p)-tensors.

If v is a vector and w is a p-form, viewed as a multilinear alternate map,
the interior product v sw is the (p — 1)-form defined by

(vow)(vr, ..., vp_1) == w(v, 01, .., Up_1). (2.2)

It is easy to check that this corresponds to
p .
va(ag A Aay) = Z(—l)“lai('z))al Ao ANy AN A+ ANy, (2.3)
i=1

via the isomorphism (2.1).

LEMMA 2.1. Let A : V. — V be an automorphism of V.. Then A has a
unique extension, also denoted by A, to an algebra automorphism of T (V)
commuting with all contractions C*' and preserving the bi-graduation. More-
over this extension preserves the ideal I of the subalgebra T°(V*) and thus
descends to an automorphism of the exterior algebra AV .

PrROOF. We first show the uniqueness of the extension of A to V*. Since
A has to be an algebra automorphism and commutes with C*! we get for all

veVand v e V™
i) = AW ) = ACH (e ) = CY (AW e )
= CM(A(v) ® A(v")) = A(v")(Av),
thus showing that A(v*) = v* o A7L. Since 7 (V) is generated as algebra by

V and V*, this proves the uniqueness of the extension of A to 7(V'). In order
to prove the existence, we consider the multilinear map A : V* x (V*)! —

VER @ (V¥ defined by

Avg, v vl, ) = A) @ @ Avy) @0 0 AT @ @ o AT
The universality property of the tensor product shows that this map induces
a linear endomorphism of V¥ ® (V*)®l also denoted by A, which satisfies
A @ QupRvi®---®v) = A1) ®- - @A) @vio A ®- - -@vfo AL,

It is clear that this extension is an algebra automorphism which commutes
with contractions and preserves the ideal I. O

Notice that the above defined extension of automorphisms is natural, in
the sense that if A and B are both automorphisms of V', then the extension
of Ao B is the composition of the extensions of A and B.
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2.2. Tensor fields

A (smooth) tensor field of type (k,l) on an open set of R™ is a smooth
map defined on that open set, with values in (R")%!.

Let now M be a manifold with a smooth atlas (U, ¢y )yey. For x € M let
THM := (T, M)*! be the space of tensors of type (k,1) defined by the vector
space T, M and let T,M = P, - T M be their direct sum as before. We
denote by T"!M and T M the (disjoint) unions | |, ,, Z*'M and | |,_,, 7. M,
called the tensor bundles of M. Clearly, T%°M is just the tangent bundle
TM (see Definition 1.5). Its dual, 7% M, is called the cotangent bundle and
is usually denoted by 7™ M.

DEFINITION 2.2. A smooth tensor field K of type (k,l) on M is a map
K : M — THM such that

o K(z) € THM for allx € M and

o K is smooth in the sense that for every local chart ¢ - U — U,
the map dp(K) : U — (R™)* given by dp(K)(y) := dpg1(,)(K) is
smooth.

The above vector-valued map do(K) on U is called the local expression of K
i the chart ¢.

This definition deserves some comments. First, for x € U, the map d¢,
denotes the extension, given by Lemma 2.1 of the differential do,, : T, M — R"”
to a linear map do, : 7'M — (R")*. The fact that the smoothness of
do(K) does not depend on the chosen chart ¢ follows from the chain rule,
and the naturality property of the extension. Alternatively, one can define
a tensor field on M by its coordinates in every local chart, subject to the
obvious compatibility conditions on the intersections of charts. Occasionally,
tensor fields will be referred to as tensors.

From Lemma 2.1 we see that the algebraic definition of the contraction and
of the tensor product on algebraic tensors can be transposed to tensor fields
on manifolds. For instance, if K and L are two tensor fields on a manifold
M, we define K ® L to be the tensor field on M whose local expression in
any chart ¢ is the tensor product of the local expressions of K and L in the

chart ¢.

The space of smooth tensors of type (k,1) on M is denoted by I'(7*!M)
and the direct sum of all these spaces is the algebra of smooth tensor fields
[(TM). Clearly I'(T M) is a bi-graded module over C>(M).

Notice that tensor bundles are special cases of vector bundles, which will
be introduced in the next chapter (see Definition 4.6 below). In this frame-
work, a smooth tensor of type (k,l) is just a section of the corresponding
vector bundle 7*!M.
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A tensor field of type (1,0) is a vector field (i.e. X(M)=T(TM)), and a
tensor field of type (0, 1) is called a 1-form. A basic observation in differential
geometry is the following:

PROPOSITION 2.3. The C*(M)-bilinear pairing
X (M) x T(T*M) — C>*(M), (X, w) — w(X)

defines an isomorphism of C*(M)-modules between U'(T*M) and the dual of
X(M). More generally, the C*°(M)-module of smooth tensors of type (k,I)
is isomorphic to the C*°(M)-module of C*°(M)-multilinear maps defined on
TM" with values in T*OM.

PROOF. It is not easy to understand the full meaning of this statement at
first sight. Roughly speaking, it says that if F' is a mapping which associates
to every smooth vector field a smooth function, and F' is C*(M)-linear, then
the value of F(X) at every point depends on only the value of X at that
point. The proof makes use of a localization procedure, similar to Theorem
1.8. One first uses a bump function in order to show that F(X), depends
on only the value of X in a neighbourhood of = and then computes F(X),
using a system of local coordinates. Details are left to the reader (cf. [10], p.
26).

We now introduce two important notions. If ¢ : M — N is a diffeomor-
phism between two manifolds M and N, its differential maps tensor fields of
type (k, 1) on M to tensor fields of type (k, 1) on N by the formula K +— ¢, (K),
where

gD*(K)y = d90<K<p—1(y))-
The tensor field ¢, (K) is called the push forward of K by .

If o : M — N is simply a smooth map, we may define, for every tensor
field K of type (0,1) on N, a tensor field f*K on M, called the pull-back of
K by ¢, by the formula
(0" K)o( X1, ..., X)) = Kp@) (doa(X1), ..., dp.(Xy)), ¥V Xq,...,X; € X(M).

Notice that if ¢ : M — N is a diffeomorphism, the pull-back and the push
forward are inverse to each other on covariant tensors:

@ = () = (71" (2.4)

In the particular case where K = X is a vector field on M, p.(X) is a
vector field on V. We would like to compute, for later use, the relationship
between the corresponding derivations dx and 0,,(x). If f : N — R denotes
a smooth function and y € N, we have

ap*(X)y(f) = df(p.(X)y) = df(d90<X<p*1(y))) =d(fo @)(wal(y))
= anfl(y)(fo@)v
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whence

O (x)(f) = Ox(fop) o (2.5)

2.3. Lie derivative of tensors

We now introduce the Lie derivative of a tensor field K with respect to a
vector field X. Let ¢; denote the local flow of X. We define

1 d
LXK =l = (K = (00u(K)) = 2|~ (@0.(K). (2.6)
To see that this expression makes sense (remember that it might happen that
¢; are not globally defined for any ¢ # 0), we notice that for every x € M
there exists some open neighbourhood U of z and some ¢ > 0 such that
¢y maps U diffeomorphically onto ¢, (U) for t < €, so the limit as t — 0
makes sense at x (we can compute the limit only for ¢ small enough such that
v_¢(x) € U).
In order to state the main result of this section, we introduce the following
notion:

DEFINITION 2.4. The Lie bracket of two wvector fields X and Y on a
smooth manifold M is the vector field denoted by [X,Y]| corresponding (by
Theorem 1.8) to the derivation Ox o Oy — Oy o Ox on C*(M), that is, the
vector field satisfying

Oxy)(f) =0x(Oy f) = v (0xf), ¥V [eC*(M).

It is easy to check that 0x o 0y — Oy o Ox is indeed a derivation, so the
above definition makes sense. Since the Lie bracket clearly satisfies the Jacobi

identity [X,[Y, Z]] + [V, [Z, X]] + [Z, [X, Y]] = 0, the space (X (M),][.,.]) is a
Lie algebra.

THEOREM 2.5. Let X be a vector field on M. The Lie derivative Lx
acting on T'(T M) has the following properties:

(i) Lx is a derivation, i.e. Lx(K®T)=(LxK)@T + K ® (LxT).

i1) Lx commutes with the contractions on I'(T M).

iii) Lxf = 0xf forall f €C®(M).

i) LxY =[X,Y] forallY € X(M).

v) (Naturality) If ¢ : M — N is a diffeomorphism, then

0 (LxK) = Loxp. K, ¥ XeC®M), VK eI (TM). (2.7)

(
(
(
(

PROOF. Let ¢; be the local flow of X. The first two assertions are
straightforward consequences of Lemma 2.1. To prove (iii) we use (1.6):

d d d

Lxf= Tt tzg(@t)*(f) = Tdt t:0<f op_y) = it t:O(f o) = Oxf.
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Let now Y be a smooth vector field and let f be a smooth function on M.
Using (2.5), (1.6) and the Leibniz rule, we get

d d

Oexy(f) 0 Aoy (f) = —= (3Y(f 0 y) 0 <Pt1>

t=0 dt lt=0

- (gl oew)ew— (ovirom) o 4] e
= —Ov(Ox[f)+0x(9y f) = Ixy (f),

thus proving (iv). Finally, (v) follows directly from the fact that if ¢; is the
local flow of X then ¢ o ¢; 0 ¢! is the local flow of ¢, X (see Exercise (7)
below):

d d
L *K - * * ! *K = — x| - *K
ot Ehoopo 000 e ou) = =0 (] e0ok)
= pu(LxK).

O

It is sometimes useful to generalize the naturality of the Lie bracket to
the case where ¢ : M — N, rather than being a diffeomorphism, is just a
smooth map. If X is a vector field on M, ¢, X is no longer well-defined, but
instead we have the following:

DEFINITION 2.6. Let ¢ : M — N be a smooth map. We say that two
vector fields X € X(M) and Y € X(N) are p-related if ¢.(X;) = Y@ for
all x € M.

LEMMA 2.7. (i) If X and Y are p-related and f € C®°(M) then
Oy f)op=0x(foyp)
(17) If X and X' are p-related to' Y and Y' then [X, X'] is p-related to
Y, Y],

PROOF. (i) For every x € M we have

((Dy 1) 0 9)(@) = By, () = Do () 2 O, (F 0 9) = (Ox(f 0 2)) (@),
(17) Let x € M and f € C*(N). Making repeated use of (i) we get
Oy v, () = Oy, (Ovf) = y;  (Ov[)
= Ox,((Ov'f) o) — Ox,((Ov f) 0 p)
Ox, (0x/(f o)) = 0x,(0x(f o ¢))
= Oxx1.(fo9) = 0Op.(xx1.)(f)-
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2.4. Exercises

(1) Let a € APV be a multivector. Show that a Aa = 0 if p is odd. Does
this hold for p even?

(2) If « € V is anon-zero vector and 3 € APV is an arbitrary multivector,
show that A3 = 0 if and only if there exists a multivector v € AP~V
such that 0 =a A 7.

(3) If X, Y are vector fields and f, g are functions on M, show that
[fX,9Y] = fglX. Y]+ f(Oxg)Y — g(0y ) X.

(4) If w is a 1-form, X is a vector field and f is a function, prove that
Lixw = fLxw — w(X)df.

(5) Prove the following converse to Theorem 2.5: if X is a smooth vector
field on a manifold M and ® is a derivation of I'(7 M) which com-
mutes with contractions and satisfies ® f = dx f for all f € C*(M)
and Y = [X,Y] for all Y € X(M), then © = Lx.

(6) Let ¢ : M — N be a smooth map. Prove the relation
atp*(Xz)(f) = an,(I) (f © QO), VX, €T, M. (28)

(7) Let X be a smooth vector field on M and ¢ : M — N be a diffeomor-
phism. Prove that if ; denotes the local flow of X, then po ;01
is the local flow of ¢, X on N.

(8) Let X and Y be arbitrary vector fields. Prove that
ﬁxoﬁy—ﬁyoﬁx :E[X’y]. (29)

Hint: Show that the left hand side term is a derivation of the tensor
algebra commuting with contractions, which coincides with the right
hand side term on functions and vector fields.






CHAPTER 3

The exterior derivative

3.1. Exterior forms

Let M be a smooth manifold and x € M. A p-form at z is by definition
an element of AP(TM), which, we know, is canonically isomorphic to the
space of p-linear alternated maps (7, M)? — R. The ezterior bundle of M is
the disjoint union

APM = | | ATy M).
zeM

A p-form on M is a map w : M — APM such that w, € AP(T;M) for
all . Using the identification between exterior forms and tensors described
in Section 2.1, we say that a p-form w on M is smooth if it is smooth as
(0, p)-tensor field. From Proposition 2.3 we see that the space of smooth
p-forms on M is canonically isomorphic (as C*(M )-module) to the space
of alternated C°°(M)-multilinear forms on X(M)P. By (2.1), the explicit
isomorphism between the space of smooth exterior forms I'(AM) and the
space of smooth C*° (M )-multilinear forms on X' (M) is given on decomposable
elements by

(Oél/\"'/\()ép)<X1,...,Xp) = det(ai(Xj)), Vozz- € F(AlM) (31)
Similarly, one can use (2.2) and (2.3) in order to define the interior product
of a vector field X and an exterior form w:
(X Jw)(Xl, ce ,Xp_1> = W(X, Xl; ce ,Xp_l),
which corresponds to
p
Xl A Nop)=> (“) T au(X)ar A= Aaig Aoy A+ Ay,
i=1

via the isomorphism (3.1). This last relation shows that the interior product
is an anti-derivation on AM: if 6 is a p-form and w is a g-form, then

Xo(0Ahw)=(X20)Aw+ (—1)PON (X Jw). (3.2)
3.2. The exterior derivative

From now on we denote the space of smooth p-forms I'(APM) by QP M
and the space of smooth exterior forms I'(AM) by Q*M.

21
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THEOREM 3.1. Let M be a smooth manifold of dimension n. There exists
a unique R-linear endomorphism d of 0*M , called the exterior derivative or
exterior differential satisfying the following axioms:

(i) d maps p-forms to (p + 1)-forms.

(ii) d is the usual differential on functions as elements of Q°M.

(#7i) (Anti-derivation) If 0 is a p-form and w is a q-form, then
d@Nw)=do ANw+ (—1)P0 A dw. (3.3)

(iv) dod=0.

(v) (Naturality) If o : M — N is a smooth map and w is a smooth form,
then d(v*w) = ¢¥*(dw).

PROOF. Let us first assume that M is an open set of R™. If x; denote the
standard coordinates on R™ and for every set I = {iy,..., 4y}, i1 < -+ < ip,
we denote by dx; = dx; A --- A dz;,, then every p-form w can be written
w =y wldz;. There is clearly a unique way of defining dw so that the
above axioms are satisfied:

dw = Zde Ndxy. (3.4)

We have to check that the operator d defined by this formula actually satisfies
(i)—(v). (i) and (i) are clear. Let § = > 0'dr; and w = > w’/dx; be forms
of degree p and q. We have

d@Aw) = Z d(0'w”) Ndap Nday =Y (w!d0" +60"dw’) A dxy A da,

1,7

Z w!dO' A dwp Adg + ( Z 0'dar A dw’ A day
1,7

= ddNw+ (—1)P0 A dw,

thus proving (7i1).
If f is a smooth function,
af " 9%f
d(df)—d( B, .ZE) _ B, 5 drj Ndr; =0

because in the last sum (0? f /0x;0z;) is symmetric in 7 and j (by the Schwarz
Lemma) and dz; Adz; is skew-symmetric. Thus d? vanishes on functions, and
by (3.4) it vanishes on all exterior forms too, so (iv) holds.

Ify: M — N is a smooth map, f is a function on N, X is a vector field
on M and z € M, the chain rule yields

d(1/}*f):c(X) = d(f o ¢)m<X) - dfzﬁ(x) o dqu):c(X) = ¢*(df>(X)7
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so d(v* f) = ¢*(df). Using (3.4) again, together with (éii), (iv), and the fact

that ¢* is an algebra morphism with respect to the exterior product, we get

dW'w) = Y d((Wwyrde) =) drw) Aditz

= o ( ; dwldxl) = ¢ (dw).

This proves (v).

We consider now the general case, where M is a manifold. An exterior
form w on M is by definition a collection of exterior forms wyy on U for each
local chart ¢y : U — U, satistying ¢j,,wy = wy for each U,V at points
where this expression makes sense. The naturality condition then shows that
the collection dwy satisfies the same relations, and thus determines a well-
defined exterior form denoted dw on M. It is straightforward to check that
this definition satisfies the required axioms. Finally, the uniqueness of d is
a consequence of the naturality axiom. Indeed, it is clear that d is uniquely
defined on any coordinate neighbourhood U by dV = ¢7; o d®" o (¢7;)~!, and
if w is a form on M and 7 denotes the inclusion of U into M, then we must
have dw‘U = *(dw) = d(i*w) = d(w‘U), which means that the restriction of
dw to U is completely determined. As this holds for every chart U, we have
proved the uniqueness of d. 0

An exterior form w € QPM is called closed if dw = 0 and exact if there
exists some 7 € QP71 M such that w = dr, Since d? = 0, every exact form is
obviously closed.

3.3. The Cartan formula

LEMMA 3.2. Let X be some vector field on M. The Lie deriwative with
respect to X of an exterior form w is given by the formula

Lyw=—| o
) PP

and commutes with the exterior derivative.

ProoOF. The first assertion follows directly from the definition (2.6), tak-
ing (2.4) into account. The second part is a consequence of the naturality of

d:

dy d L
Lxdw = 7 t:o% (dw) = pr tzod(gptw) = d(Lxw).

We are now ready to prove the following:
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THEOREM 3.3. (Cartan formula) For every vector field X and exterior
form w on M, the following relation holds:

Lxw=d(X tw)+ X Jdw.

ProOOF. A formal calculation using (3.2) and (3.3) shows that the oper-
ator w — d(X Jw) + X Jdw is a derivation of Q*M preserving the degree of
forms, just like Lx. It is thus enough to show that they coincide on functions
and on 1-forms. For f € C*°(M) we have

AX 2 f)+ X sdf = X 2df = df(X) = Oxf = Lx /.

Moreover, both operators commute with d, so they coincide on exact 1-forms
as well. Finally, a localization argument (using bump functions like in the
proof of Theorem 1.8) shows that the value of Lxw and d(X Jw) + X Jdw
at some point x depends on only the value of w on a small neighbourhood
of z. On such a neighbourhood which is the domain of definition of a local
chart, every 1-form can be written > f;dz;. Since Lx and do X 4 + X 4 od
are derivations which coincide on f; and on dz;, they have to coincide on all
local 1-forms, thus finishing the proof. O

As an application we have the following explicit formula for the exterior
derivative of smooth 1-forms:

COROLLARY 3.4. Ifw e Q'M and X, Y € X(M), then
dw(X,Y) = Ox(w(Y)) — Oy (w(X)) — w([X,Y]).

PRrROOF. From the Cartan formula and Theorem 2.5 we have:
dw(X,Y) = (X 2dw)(Y) = (Lxw)(Y)—d(X sw)(Y)
= Lx((Y)) —w(lxY) = Iy (w(X))
Ix(w(Y)) —w([X,Y]) = Oy (w(X)).

3.4. Integration

The usual theory of integration in R™ can be easily transposed to smooth
manifolds as follows. Let M be a smooth oriented n-dimensional manifold
with an oriented atlas {¢y }yey and let w € Q"M be a compactly supported
top degree form on M. Suppose first that the support of w is contained in
some U € U and let f(x)dxy A--- Adx, := (¢v).w be the expression of w in
the chart (U, ¢r). We define

/Mu} = /n(gbU)*w: . f(x)dxy A -+ ANdxy,.

We need to show that this definition does not depend on the choice of the
chart. Suppose that some other V' € U contains the support of w, and let
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g(x)dxy N+ ANdx,, := (¢v).w be the expression of w in the chart (V, ¢y ). We
denote by ¢ := ¢yy = ¢y o ¢(,1 the coordinate change and by 1 = ¢! i
inverse. Since ¢.((¢y).w) = (dv)«w we get

fdxy N+ Ndx,, = cb(gdxl/\~~/\dxn)
= " (g(x)dxy A -+ Ndxy,)
= (go)dyy A+ Ndi,
= (gov)det(J(¥))dxy A -+ Ndxy,

where J(1) denotes the determinant of the Jacobian matrix of 1. Keeping
in mind that det(J(¢))) > 0, the usual change of variable formula in R"

/gdwl/\--~/\dxn:/ (gov)|det(J(¥))|dxy A+ Ndxy,

shows that [5.(¢v)sw = [g.(¢v).w. If the support of w is not contained in
a single chart, one has to “chop” it using a partition of unity subordinate to
U (see [13], p. 32 for instance): if ¢; : M — R are positive functions, each
of them compactly supported in some U € U, and such that Y 1, = 1, we

define
s

The sum is finite since w has compact support, and it is straightforward to
check that it does not depend on the choice of the partition of unity (¢;).

THEOREM 3.5. (The Stokes theorem) Let M be an oriented n-dimensional
manifold and let w be a smooth (n—1)-form with compact support on M. Then

/dw—O.
M

ProOF. Consider first the case M = R™ and w = ) fidxy A Jx\z A dx,,
with support contained in some square [—N, N]™ (where the hat sign means
that the corresponding element is missing from the list). Then

/ndw:Z/naidxl/\---/\dxm
i=1 ¢
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and each term in the right hand side sum vanishes because of the Fubini
theorem, e.g. for i = 1:

/%dm’l/\~~/\d$n :/ %dxl/\~~/\dq:n
n [_

al’l N,N]" aﬂfl

N
- [ ( %dxl)d@ Ao A da,
[N,N]»—1 -N 81'1

- / (N,2) — fi(=N,a;))des A - - A di
[N,N]"—1
= 0.

The naturality property of the exterior differential shows that the theorem
holds true if w has compact support contained in some coordinate neighbour-
hood:

[ do= [ unde) = [ dton.n =0 35)

In the general case, we choose a partition of unity (¢;) and write

[ @ - Zj/ﬂ4¢idw=§ij/M<d<¢iw>—dwiAw>
(32) _Z/de"/\w:_/M(dZwi)Aw:O’

as Y ;= 1. O

3.5. Exercises

(1) A distribution on a smooth manifold is a subbundle of the tangent
bundle (see Definition 4.6 below). A vector field X is called tangent
to a distribution D if X, € D, for all x+ € M. The distribution
D is called integrable if for every pair of vector fields tangent to D,
their Lie bracket is also tangent to D. Let a be a nowhere vanishing
I-form on M and D := Ker(a). Show that D is integrable if and
only if a A da = 0.

(2) Let f: M — R be a smooth function on a connected manifold M.
Show that df = 0 if and only if f is constant.

(3) Let a = Y aydz® be a 1-form on R™. Show that da = 0 if and only if
aOéZ' . 8aj
a.ﬁl}j N 8@-’

Vi, g <n.
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(4) (Poincaré Lemma in degree 1) Let a = Y adz’ be a 1-form on R™.
Show that da = 0 if and only if there exists a function f : R” — R
such that o = df. Hint: If da = 0 define

1 n
= / Z xioy(tx)dt
0 =1

and use the previous exercise and an integration by parts to show
that df = a.

(5) Use the Cartan formula and an induction on p to show that for every
p-form w and vector fields Xy,..., X, on a smooth manifold, the
following relation holds:

p

dw(Xo, ..., X,) = Z(- ) Ox, (W( Xy s Xiy ooy X))

+ Y WX X X, X XL X)),

0<i<j<p






CHAPTER 4

Principal and vector bundles

4.1. Lie groups

A group GG which has a smooth manifold structure such that the multi-
plication G x G — G and the inverse map G — G are smooth is called a Lie
group.

For g € G we denote by L, : G — G and R, : G — G the left and right
multiplication by g, called left and right translations which are clearly smooth

diffeomorphisms of G of inverses L,-1 and R,-1 respectively. A vector field
X on G is called left invariant if dL,(X) = X for every g € G, i.e.

(dLg)gfla<Xg71a) = X, Va,geQG.

Taking g = a in this relation shows, in particular, that a left invariant vector
field X is completely determined by its value at the identity element e: X, =
(dLgy)e(X.). Conversely, this last relation defines a smooth vector field on G
for each X, € g. We denote by g the vector space of left invariant vector fields
on G, called the Lie algebra of G. The terminology is justified by Lemma 4.1
below.

Let ¢ denote the local flow of some X € g, and let € > 0 be a positive real
number such that the curve a; := @;(e) is defined for ¢t < . By Proposition
1.11 such an ¢ exists and a; is a local integral curve of X, i.e. a; = X,,. If g
is any element of GG, we have

d d )
E(gat) = E(Lgat) = dLg(at) = dLg(Xat) = Xgar»

so ga, is a local integral curve for X near g. This just means that the local flow
of X is ¢y = R,,. In particular, (1.7) shows that a,as = a;.s for ¢, s, s+t < ¢,
which, of course, allows us to define a; for every real t by requiring ¢t — a;
to be a group morphism from (R,+) to G. The image of this morphism
is called the 1-parameter subgroup generated by X and one usually denotes
exp(tX) = a;.

LEMMA 4.1. The space g of left invariant vector fields on G s a Lie
algebra with respect to the Lie bracket (see Definition 2.4).

Proor. We just have to check that g is stable under the Lie bracket.
This follows from (2.7) applied to left translations: if X,Y € g and ¢ := L,

29
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is a left translation then
O

The above identification T,G ~ g thus induces a Lie algebra structure on
the tangent space at e of G.

LEMMA 4.2. Let G and H be Lie groups, and let ¢ : G — H be a Lie group
morphism, that is, a smooth map which is also a group morphism. Then the
differential at the identity element of ¢ is a Lie algebra morphism.

Proor. If X € g we denote by ¢ X the left invariant vector field on H
induced by ¢.(X.). Since ¢ is a group morphism we have p o Ly = Lyg) © ¢,
whence

90*<Xg) = W*(Lg)*o(e) = (Lw(g))*(SD*(Xe)) = (SOX)cp(g% Vgeda.

This shows that X and X are g-related (see Definition 2.6). If XY
g, Lemma 2.7 shows that [X,Y] is ¢-related to [pX, Y] ¢.([X,Y],)
(X, Y], for every g € G. Taking g = e yields the result.

O m

ExAMPLES. 1. The general linear groups with real or complex coef-
ficients Gl,(R) and Gl,,(C). They are both open subsets in the vector
spaces M, (R) and M,,(C) of square matrices with real or complex coef-
ficients. The Lie algebra structure on gl,(R) = 77, Gl,,(R) ~ M,,(R) and on
gl,,(C) =17, GL,(C) ~ M,,(C) is given by [A, B] = AB — BA (exercise).

2. The orthogonal group O,, and the special orthogonal group SO,,
0, :={4A€Gl,(R) | AA" =1}, SO, :={A4A €0, | det(A) =1}.

3. The unitary group U,, and the special unitary group SU,,
U,, :={4€Gl,(C) | AA' = I,,}, SU,, ={A €U, | det(A) = 1}.
Using the identification of C™ with R*™ given by
(z1, -y 2m) = (@1 + Y1, - T+ Ym) — (T1, o Ty Y1y e -+ 5 Um),
we get the inclusions
Gl (C) C Gly,(R) and U,, C Oy,

One can also define each of the above groups as the stabilizer of a vector in
a certain representation space. For example, O, is the stabilizer in Gl,,(R) of
the standard Euclidean product on R" (viewed as an element of the induced
representation of Gl,(R) on (R™)* @ (R™)*).
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DEFINITION 4.3. A group action (to the right) of a Lie group G on a
manifold M is a smooth map M x G — M, denoted by (m,g) — mg such
that

(i) me =m, VmeM;
(i1) m(gh) = (mg)h, VmeM, g hedG.

In particular the maps R, : M — M defined by R,(m) = mg are all
diffeomorphisms. The action is called free if Ry has no fixed point for all
g # e, and transitive if for every m,m’ € M there exists ¢ € G such that
m' = mg.

4.2. Principal bundles

Let G be a Lie group and let M be a smooth manifold.

DEFINITION 4.4. A G-principal bundle (also called a G-structure) over
M is a smooth manifold P together with a smooth submersion m : P — M
and a group action of G on P to the right which restricts to a free transitive
action on each fibre 771(z). G is called the structure group of P. A section
of P is a smooth map o : M — P such that mo o = 1dy,.

From the definition we see that each fibre is diffeomorphic to G: just
choose some u € 77! (x) and define L, : G — 7 *(z), g — ug. The image of
a vector A € T,G by the differential of L, is a vector tangent to the fibre at
ua and will be denoted by uA.

It is easy to see that m is an equivariant locally trivial fibration over
M with fibre GG, in the sense that each point x € M has a neighbourhood
U and a diffeomorphism v : 77U — U x G which is G-equivariant, that
is, ¥(y,gh) = ¥(y,g)h. To prove this, we apply the submersion theorem
1.7 in order to construct a local section o of P in a neighbourhood of x
and define ¢¥~'(y, g) := o(y)g. We can construct in this way an open cover
{(Uy)aer} of M with trivializations ¢, : 771U, — U, x G and a Cech cocycle
{(¥ap)aper} relative to this open cover where 9,5 : U, N Ug — G is defined
by 1, © ¢ﬁ’1(a:,g) — (2,%ap(x)g). For the definition and properties of Cech
cocycles and cohomology see [3], p. 34.

Conversely, given a Cech cocycle {(Un)acr, Vas : Ua N Uz — G} (so that
Yap © Yy 0 yq =€ on U, NUz N U,), consider the equivalence relation ~ on
the disjoint union P := | | (U, X G),

(Oé,]}’g) ~ (ﬁ7y7 h) — T =Y and g = wa[;(x)h

It is easy to check that the quotient P := P /~ is a G-principal bundle over
M and the two constructions above are inverse to each other.
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If P(G,M) and Q(G’, M’) are two principal bundles, a bundle morphism
is a pair (F, f) consisting in a smooth map F' : P — () and a Lie group
morphism f : G — G’ such that F(ug) = F(u)f(g) for all w € P and g € G.
In particular F preserves the fibres and thus defines a smooth map M — M’.
P and ) are said to be isomorphic if there exist two morphisms between
them inverse to each other. Two G-principal bundles are isomorphic if and
only if any Cech cocycles defining them induce the same element in Cech
cohomology.

ExAMPLES. 1. The trivial principal bundle P = M x G.

2. The frame bundle. If M is a manifold of dimension n, a frame at
x € M is a linear isomorphism u : R" — T, M. Let Gl,(M) denote the
set of all frames at x and let GI(M) be the union of all Gl,(M). Define
7w : GI(M) — M by associating to a frame wu its foot point z. Every local
chart on M, ¢y : U — U C R™, induces a bijection ¢y : 72U — U x Gl,(R)
by Yy (u,) = (¢u(x), (déy). o uy). Clearly the transition functions

Yy oy = (¢u ooy, d(¢y o dyt))

are diffeomorphisms on their open sets of definition, so GI(M) has a smooth
structure which turns 7 into a smooth submersion. The general linear group
Gl,.(R) (viewed as the automorphism group of R") acts on G1(M) by (u, g) —
uo g and this action restricts to a free transitive action on each fibre Gl,(M).

DEFINITION 4.5. Let m: P — M be a G-structure and let f: H — G be
a (not necessarily injective) Lie group morphism. A reduction (relative to f)
of the structure group of P to H is an H-principal bundle () and a bundle
morphism () — P whose associated Lie group morphism is f.

ExaMPLES. 1. If H C G is a subgroup of GG, a reduction of the structure
group of P to H relative to the inclusion of H in G is a subset @) of P such
that 7w : Q — M is an H-principal bundle over M.

2. An orientation on a smooth manifold is a reduction of the frame bundle
to G (R).
3. A spin structure on an oriented Riemannian manifold is a reduction of

the structure group of the SO,-structure to Spin,, relative to the canonical
covering morphism Spin,, — SO,,.

There exists a reduction of the structure group of P to H relative to f if
and only if one can find a Cech cocycle g, on M with values in H such that
f(gap) is a Cech cocycle representing P.

Conversely, one can always enlarge the structure group of a G-structure
P relative to a Lie group morphism G — K, by composing with f any Cech
cocycle representing P. These two operations are inverse to each other (up
to isomorphisms).
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4.3. Vector bundles

DEFINITION 4.6. Let M be a smooth manifold. A rank k vector bundle
over M is a smooth manifold E together with a submersion m: E — M such
that

(i) Fach fibre E, := 7~ '(x) has a structure of k-dimensional real vector
space.

(77) (Local triviality) For every x € M there ezists an open neighbourhood
U of z and a diffeomorphism vy : 71U — U x R* whose restriction to E,
is a vector space isomorphism onto {y} x R¥ for every y € U.

A subbundle of E is a vector bundle F' over M such that F, is a vector
subspace of E, for every x € M.

A section of E is a smooth map o : M — E such that wo o = Idy;. The
space of all sections of E is denoted by I'(E).

The most important examples of vector bundles over M are the tensor
bundles 7%'M. Indeed, every local chart ¢y : U — R™ of M, induces a local
trivialization ¢y : T M|y — U x (R™)®! defined by

wU<Kx) = (33', (wU)*(Kx», Ve U, \ Kz € %k’lM.

As before, a rank k vector bundle can also be defined by a Cech cocycle
{(Us)acr, Yap : Us NUz — Gl (R)} as the quotient space | |, (Uy x R¥)/

where ~ is the equivalence relation

(@, 2,8) ~(B,y,¢) <= z=y and §=as(z)C
on the disjoint union | | (U, x R¥).

Notice that a Cech cocycle with values in a general linear group defines
simultaneously a principal bundle (as shown in the previous section) and a
vector bundle. The two bundles obtained in this way are of course strongly
related, a fact which we now explain.

4.4. Correspondence between principal and vector bundles

To any G-principal bundle P over a manifold M and k-dimensional rep-
resentation p : G — Glx(R) of G one can associate a rank k vector bundle
E:=P x,RF:= P x RF/_ where ~ is the equivalence relation on P x R*

(u,€) ~ (v,{) <= 3g € G such that v =ug and ¢ = p(g ). (4.1)

The equivalence class defined by a pair (u,&) € P x R* is denoted by [u, €],
and has to be understood as the element in E represented by ¢ in the frame
u. By (4.1) we have [ug, ] = [u, p(¢)¢], which means that & represents the
same element of E in the frame ug as p(g)¢ in the frame u. The fact that
FE is indeed a vector bundle can be easily checked using a local trivialization
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of P. Alternatively, one can notice that if P is defined by a Cech cocycle
{(Ua)aers Yap : UsNUg — G}, then E is the vector bundle defined by the
cocycle {(Un)aer, p © Yap}. The vector bundle E is called the associated
vector bundle to (P, p).

REMARK. More generally, if p denotes a Lie group action of G on a
smooth manifold F', we can define a locally trivial fibration P x, F' over M
with fibre F' using an equivalence relation similar to (4.1).

Conversely, if F is a rank k£ vector bundle, we define the frame bundle
GI(E), whose fibre at z is the set of all isomorphisms u : R* — E,. GI(E)
is clearly a Glg(R)-principal bundle over M with respect to the group action
GlI(E) x Glg(R) — GI(E) defined by (u, A) — uo A. Again, one can easily
check that GI(E) is represented as Gli(R)-principal bundle over M by the
very same Cech cocycles which represent E as rank k vector bundle.

In particular (by taking G = Glx(R) and p = Id in the above construc-
tion), we see that the two operations P +— E := P xiqR*¥ and F — P :=
Gl(E) between Gl(R)-principal bundles and rank k vector bundles are in-
verse to each other.

Let P be a G-principal bundle over M, let p be a representation of G on a
vector space V and let E = P x,V be the associated vector bundle to (P, p).
We denote by H the stabilizer of some element of V/

H:={geG|plg) =2~}
and by O the G-orbit of £ in V. The associated fibration P x, O is obviously
a subset of F, which we will denote by E*.

PROPOSITION 4.7. There is a canonical one-to-one correspondence be-
tween reductions to H of the G-structure P and sections of ES.

ProoFr. If @ denotes a reduction to H of P, we define o(z) := [ug,&],
where u, denotes any element of (),.. This does not depend on the choice of

uy: if v, is some other element in the fibre ), and h € H denotes the element
of H such that v, = u,h then

[va, §] = [uah, &] = [uz, p(R)E] = [us, &].

Conversely, if o is a section of E¢, we define

Qr ={u, € P, | [us,&] =0o(x)}. (4.2)
It is easy to check that H acts freely and transitively on @), provided @), is
non-empty! This last fact is guaranteed by the fact that o is a section of E¥:
o(x) = [ug, (] for some ¢ € O, so by definition there exists g € G such that

¢ = p(g)§ and thus o(x) = [ug, p(9)§] = [u.g,E]. O

EXAMPLE. Let M be a smooth manifold of dimension n. A Riemannian
metric (i.e. a smooth section of the bundle of symmetric bilinear forms which
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is positive definite at each point) corresponds to a reduction to O,, of the

frame bundle GI(M).

4.5. Exercises

(1) Show that the identification of T.G with the space of right invari-
ant vector fields induces the opposite Lie algebra structure. Hint:
Consider the Lie group G equal to G as smooth manifold, with the
multiplication g-h := hg and apply Lemma 4.2 to the Lie group

morphism G — G, g — g~ L.

(2) Prove that the Lie algebra structure on gl,(R) = 77, Gl,(R) =~
M, (R) is given by [A, B] = AB — BA.

(3) Prove that O,, is a Lie group. Hint: Apply the submersion theorem
to the map f : GL,(R) — S,, f(A) = AA', where S,, denotes the

vector space of symmetric matrices.

(4) Prove that if a G-principal bundle over M admits a reduction to the
trivial subgroup {e} of G, then it is isomorphic to the trivial bundle
M x G. Equivalently, a principal bundle is isomorphic to the trivial
bundle if and only if it admits a global section.

(5) Show that a G-principal bundle admits a reduction to some subgroup
H of G if and only if there exists a Cech cocycle {(Uy)acr, Yas}
defining it such that 1,4 take values in H.






CHAPTER 5

Connections

5.1. Covariant derivatives on vector bundles

A smooth function with values in R¥ on a manifold M can be viewed as
a section of the trivial vector bundle M x R¥. The theory of connections
is an attempt to generalize the notion of directional derivative of (real or
vector-valued) functions to sections in vector bundles.

Let 7 : E'— M be a vector bundle. We are interested in operators which
assign to each smooth vector field X on M and smooth section ¢ of E' another
smooth section of E called the covariant derivative of o with respect to X.
Of course, we would like these operators to be R-linear, tensorial in the first
variable and to satisfy the Leibniz rule. Summarizing, we have:

DEFINITION 5.1. A covariant derivative on E is an R-linear operator
V : C®(M) x I'(E) — T'(E) denoted by (X,0) — Vxo such that for all
fecC>M), X e X(M),o € T'(F) the following conditions are satisfied:

() (Tensoriality) Vixo = fVxo.

(1) (Leibniz rule) Vx(fo) = fVxo + (0x f)o.

The first condition simply says that given a section o, the value of Vxo
at some p € M depends on only the value of X at p (Proposition 2.3).

A covariant derivative is of course not tensorial in its second argument,
but the Leibniz rule shows that it is nonetheless local, in the sense that for
every p € M, if two sections o and ¢’ of E coincide on some neighbourhood
U of p, then (Vxo)(p) = (Vxo')(p). To see this, take a bump function f
which equals 1 in some neighbourhood of p and vanishes outside U and apply
the Leibniz rule:

(Vx(fo))(p) = f(p)(Vxo)(p) + (0x,f)o(p) = (Vxo)(p).

Since by construction fo = fo’ everywhere on M, we are done.
We actually have a much stronger statement:
LEMMA 5.2. Letp € M and X € T,M. Assume that E is a vector bundle

over M with covariant derivative V. If two sections o and o' of E satisfy
a(p) = o'(p), then do,(X) = do,(X) if and only if Vxo = Vxo' at p. In
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other words, the covariant derivative only depends on the 1-jet of the section
at any point.

PROOF. It is enough to show that if a section o satisfies o(p) = 0 then
do,(X) =0 if and only if (Vxo)(p) = 0. Since V is a local operator, we can
work in a local trivialization of E over some neighbourhood U of p, providing
a diffeomorphism v : 771U — M x R¥. Let us write Y oo = (f1,..., fr),
where f; are real functions on U. The hypothesis on o reads f;(p) = 0. If we
denote by o; the local basis of E over U corresponding to the canonical basis
of R* via v, we have 0 = Y f;0;, so by the Leibniz rule

Vx,0 =Y fi(p)oi(p) + Y _(0x, fi)oip) = > _(0x,fi)oi(p).
We thus have
Vx,0=0 <= 0x,fi=0 Vi <= (¢Y00).(X,) =0 <= 0.(X,) =0.
O

Given a vector X € T,,M, alocal section o is called parallel in the direction
of X at p if Vx,0 = 0. More generally, o is called parallel along a curve v
in M if Vs,0 =0 for all ¢.

LEMMA 5.3. For every X € T,M and oy € L, there exists a local section
o of E which is parallel in the direction of X at p and satisfies o(p) = oyp.

PROOF. Let (x;) be a local system of coordinates on some neighbourhood
U of p, and let o; be a local basis of £/ around p given by a local trivialization
of E as before. We take some arbitrary local section 7 of E around p such
that 7(p) = 0¢. There exist real numbers ay, ..., a, and by, ..., b, such that
X = > a;(0/0x;)(p) and Vx7 = > bjo;(p). If X = 0 there is nothing to
prove, so assume for example that a; # 0. It is then straightforward to check
that 0 := 7 — (x1/a1) > _ bjo; satisfies o(p) = 0y and Vxo = 0. O

LEMMA 5.4. If o is a parallel section along some curve v, which vanishes
at Yo, then o vanishes identically on .

PROOF. Let I be the interval of definition of 7. By Lemma 5.2 we must
have do(4;) = 0 for all t € I, which means that the differential of the smooth
map [ — E, given by ¢ +— o(~;) vanishes. Therefore this map is constant,
equal to o(y9) = 0. O

Using Lemma 5.2 we obtain for every e € E a linear map h : Tr)M —
T.E, denoted by X — X := 0,(X), where ¢ is any local section of E which
is parallel in the direction of X at p and satisfies o(p) = e. By construction
we have

7, o h = 1Id. (5.1)
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The vector X is called the horizontal lift of X at e and the image of k, denoted
by T"E is called the horizontal subspace of T,E. Since T, is onto, (5.1) shows
that h is an isomorphism from 77 )M to T"E. If we denote the tangent space
to the fibre of E at e by TYE, (5.1) also yields that T,E = T°E & T"E. The
covariant derivative V defines in this way a splitting of the exact sequence of
vector bundles over F

0—-TE—TE —7n"TM — 0,

where 7*T'M is the pull-back by w : £ — M of the tangent bundle of M
(see Section 5.4 below). Using local trivializations of F and the fact that
V is smooth, it is straightforward to show that the union of all subspaces
T"E forms a smooth vector subbundle of rank n of TE, called the horizontal
distribution.

5.2. Connections on principal bundles

We will now interpret the covariant derivative V on F in terms of the
frame bundle GI(E). Recall that for z € M, an element v € Gl,(F) is an
isomorphism u : R¥ — E,, which can also be viewed as a basis (vy, ..., vy) of
E, (the image by u of the canonical basis of R¥).

For every x € M and tangent vector X € T, M, we can define the hori-
zontal lift of X to any u = (vy,...,v) € Gl (F) in the following way. Take
local sections o; of E around z such that o;(x) = v; and (Vxo;), = 0. Then
o := (01,...,0%) is a local section of GI(E) satisfying o(x) = u. We define
(X)u := 0.(X) € T,GI(E). Tt can be easily shown, using a local trivialization
like in Lemma 5.2, that X does not depend on the local sections o;. If 7
denotes the canonical projection 7 : GI(F) — M, we have by construction
7.(X,) = X for all u € Gl,(E). The set of all horizontal lifts at u is an n-
dimensional subspace of T,,GI(E), called the horizontal subspace and denoted
by T'GI(E), or simply ‘H,, when no confusion is possible. The collection of all
horizontal spaces is called the horizontal distribution. If we denote by V the
vertical distribution on GI(E) consisting in the tangent spaces to the fibres,
Vi = Tu(Glzy(E)) C T,(GI(E)), then we have as before a direct sum de-
composition TGl(E) = H@® V. Notice that V is always defined independently
of V, while H depends heavily on the covariant derivative.

We claim that the horizontal distribution H is invariant under the right
action of Glx(R) on GI(F), as a consequence of the linearity of V. Let a =
(a;;) € GL(R), X € T, M, u= (v1,...,v) € GL,(E) and let 0 := (01, ..., 0%)
be a local section of GI(E) satisfying o(z) = v and (Vx0;), = 0. Then oa is a
local section of GI(E) with (ca)(z) = ua and its components (ca); = > _; a;i0;
satisfy Vx(oa); = 0 at « because V is R-linear. We thus have

(Ra)*(XU) = (Ra)+(0.(X)) = (Ra 00)(X) = (0a)(X) = Xua‘
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This motivates the following:

DEFINITION 5.5. Let P be a G-principal bundle over a manifold M with
vertical distribution (tangent to the fibres) denoted by V. A connection on P
is a smooth distribution H such that TP =H &V and (Ry)«(Hu) = Hua for
allu € P and a € G.

The first condition says that m, maps H, isomorphically over Ty M for
every u € P. The inverse image through this map of a vector X € T, M is
called the horizontal lift of X at u.

DEFINITION 5.6. If x is some point of M, a local section o of P in a
neighbourhood of x is called horizontal at x if its differential do, at x maps

T, M into Hy(z).

LEMMA 5.7. For every x € M and u € P with n(u) = x there exist local
sections of P horizontal at x.

PROOF. There exist local coordinates near u and x, in which u = 0 and

the submersion 7 can be written as a linear map 7(zq,...,zx) = (T1,...,Ty).
The section of P which corresponds in these coordinates to the inverse of the
isomorphism 7, : ‘H, — T, M is then horizontal at x. O

THEOREM 5.8. A covariant derivative on a vector bundle E over a man-
ifold M induces a connection on its frame bundle GI(E). Conversely, a con-
nection on a G-principal bundle P over M induces in a canonical way a
covariant derivative on all vector bundles associated to P by a linear repre-
sentation p of G. If G = Gli(R) and p is the identity, these two constructions
are inverse to each other.

PRrROOF. The direct statement was proved above. Conversely, let p : G —
Glx(R) be some representation of G and let E := P x, R¥ be the associated
vector bundle. Given a local section o of P over some open set U C M,
any section 1) of E over U can be expressed in the frame o as an RF-valued
function £ on U: ¢ = [0,&]. The main idea is to choose a suitable local frame
o on P using the horizontal distribution and to define the covariant derivative
of the local section 1 as the section which in the frame o corresponds to the
usual directional derivative of the function &.

More precisely, if x is a fixed point of M, any local section ¢ of E can be
written ¢ = [0, £] for some smooth function ¢ defined around = with values
in R* and some local section ¢ horizontal at z. For X € T, M we define

(Vxth)e := [o(2), Ox (£)]- (5.2)

Let us first show that this formula does not depend on the choice of o. If ¢’
is another local section of P horizontal at x, we can write ¢’ = o f for some
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local map f defined around = with values in G. We denote f(x) by a and let
A € T,G be the image by f, of some X € T, M. The Leibniz rule yields

0.(X) = (Ra)(0:(X)) + (Lu)<(A).

By assumption o.(X) and o0,(X) both belong to H, and since H is G-
invariant, we obtain (L,).(A) € H. On the other hand (L,).(A) € V by
definition, so (Ly)«(A) = 0. Since L, is a diffeomorphism, we must have
A = 0. The expression of the section 1 in the frame o’ is ¥ = [0/, p(f~1)¢],
so using the Leibniz rule again

0" (), Ox (p(f1)E)] = [0 (), p(f ) (0xE)] = [0' (), p-(A)E] = [0 (), DxE].
This shows that V is well-defined. The fact that V satisfies the axioms of a
covariant derivative is an easy exercise. ([l

5.3. Linear connections

Let M be a smooth manifold.

DEFINITION 5.9. A linear connection on M is a connection in the frame
bundle of M or, equivalently, a covariant derivative on T'M.

LEMMA 5.10. Let V be the covariant derivative of a linear connection on
M. Then the expression

T™V(X,Y) =VxY -VyX - [X,Y], VX, YcXM)
defines a tensor field of type (2,1) called the torsion of V.

Proor. Let X, Y be vector fields and let f and h be two arbitrary func-
tions on M. Using (2.8) and Definition 5.1 we compute

TY(FX,hY) = Vix(hY) = Vay (FX) = [f X, hY]
= fhVXY + f(Oyh)X — fAVy X — h(dy )X
—(fRIX, Y]+ F(@xB)Y — h(dy f)X)
= fRTY(X,Y).
Thus TV is C°°(M)-bilinear, so it defines a tensor field by Proposition 2.3. [

A linear connection is called torsion-free if its torsion vanishes.

5.4. Pull-back of bundles

Let f: M — N be a smooth map and let 7 : P — N be a G-principal
bundle over N. The pull-back of P by f is

f*P:={(u,z) € Px M | 7(u) = f(x)}.

From the local triviality of P we see that the map f*P — M given by
(u,x) — x is a G-principal bundle over M. The fibre (f*P), is canonically
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identified with the fibre Py, by the map (u, ) — w. Since f*P is a subset
of P x M, its tangent space at some (u,x) is a subset of T,,P x T, M. More
precisely,

TP = {(V, X) € TLP x T,M | m.(V) = £.(X)}.

The notion of pull-back can be transposed verbatim to vector bundles, the
details being left to the reader. The following lemma is an easy play with the
definitions:

LEMMA 5.11. Let f : M — N be some smooth map. If E — N is a vector
bundle, then GI(f*E) = f*(GUE)). Similarly, if P — N is a G-structure
and p is a representation of G on some vector space V', then f*(P x,V) =
(f*P) %, V.

A connection H on P induces canonically a pull-back connection f*H on
f*P by the formula

(fH) e ={(V.X) € Hy x T,M | m (V) = fu(X)}. (5.3)

Correspondingly, a covariant derivative V on a vector bundle F induces a pull-
back covariant derivative on any pull-back f*E: if H denotes the connection
on GI(E) corresponding to V given by Theorem 5.8, we define f*V to be the
covariant derivative on f*E which induces the connection f*H on f*GI(E) =

GI(f*E).
5.5. Parallel transport

Let m: P — M be a G-structure with a connection H on it. A path u,; in
P is called horizontal if u; € H,, for all t.

PROPOSITION 5.12. For every smooth path x : [0,1] — M, t — z; and
u € P such that w(u) = xy, there exists a unique horizontal path u, in P such
that m(u¢) = x; for allt € [0,1]. The path u; is called the horizontal lift of x
through w.

PrOOF. The fact that z is smooth means that there exists a smooth path
defined on some open interval I containing [0, 1] whose restriction to [0, 1] is
x. We first prove a local version of the statement.

On the pull-back bundle z* P (which is a G-structure over I) let X denote
the horizontal lift of the standard vector field 0/0t € X(I) with respect
to the pull-back connection. From Proposition 1.11, for every t, € I and
u € 7 (z4,), there exists a unique integral curve (¢,u;) of X in z*P defined
on some open interval Uy, containing tg. By definition m(u;) = z(t) = x4, so
ug is a local lift of z; through u, and (5.3) shows that w; is horizontal in P.

In order to prove the global existence of the horizontal lift, we notice that
the invariance of the connection insures that if u; is a horizontal path, then
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uga is also horizontal for every a € G. Consequently, the open set of definition
Uy, of the local horizontal lifts defined above does not depend on the element
u of the fibre 77!(z;,). By compactness, we can choose a finite number of
such neighbourhoods which cover [0, 1], and construct the global horizontal
lift inductively, using again the right invariance. The uniqueness is clear. [J

The element wu is called the parallel transport of ug along the path x;.
This notion obviously makes sense if one assumes that x; is only piecewise
smooth. In general the parallel transport depends on the whole path z;, not
only on its endpoint.

5.6. Holonomy

The dependence of the parallel transport on the path used to define it
gives rise to the notion of holonomy. Let m: P — M be a G-structure with a
connection on it. The holonomy group Hol(u) at some u € P is defined to be
the set of all @ € G such that v and ua can be joined by a piecewise smooth
horizontal path. Similarly, we define the restricted holonomy group Holy(u)
as the set of all @ € G such that v and ua can be joined by a piecewise
smooth horizontal path whose projection to M is contractible. Of course,
Hol(u) = Holg(u) if M is simply connected.

LEMMA 5.13. (i) The holonomy group Hol(u) is a subgroup of G.
(ii) Hol(ua) = a~'Hol(u)a for every u € P and a € G.
(131) If u and v can be joined by a horizontal path, then Hol(u) = Hol(v).

PrROOF. (i) Clearly e € Hol(u). If a,b € Hol(u), let v and +" be two
horizontal paths in P joining u with ua and ub respectively. By right invari-
ance, the composition 7' - (b) is a piecewise smooth horizontal path joining
u with uab. Similarly, v 'a™! joins u with ua™', where v~1(¢) denotes the
path (1 —1t).

(27) For every b € Hol(u) there exists a horizontal path v joining u with
ub. The horizontal path va then joins ua with uba = ua(a='ba), thus showing
that a~'Hol(u)a C Hol(ua). The other inclusion is similar.

(731) We denote by [ the horizontal path joining u with v. For a € Hol(u),
let v be a horizontal path joining w with ua. Then 37! -~ - Ba joins v with
va, so a € Hol(v). Thus Hol(u) C Hol(v), so by symmetry, the two holonomy
groups are equal. O

The holonomy group Hol(u) is actually a Lie subgroup of G, and Holy(u) is
the connected component of the identity element in Hol(u) (cf. [10], Theorem
42, p. 73).
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If M is connected, for every u,v € P one can choose a smooth path ¢ on
M joining m(u) with 7(v). The horizontal lift of ¢ through u then joins u
with some element of the fibre of v, so by the previous lemma, the holonomy
groups Hol(u) and Hol(v) are conjugate. By a slight abuse of language, we
define the holonomy group of M, denoted Hol(M), as the conjugacy class in
G of the holonomy subgroups Hol(u), u € P.

Let P(u) denote the set of v € P which can be joined with u by a piecewise
smooth horizontal path. By Lemma 5.13, the restriction of the right action of
G to Hol(u) preserves P(u), which thus defines a reduction of the structure
group of P to Hol(u). The fact that P(u) is a smooth submanifold of P
follows from the local existence of sections of P taking values in P(u), which
is itself a consequence of the integrability theorem of Frobenius (see Section
2.7 in [10] for details). The principal bundle P(u) is called the holonomy
bundle through wu.

5.7. Reduction of connections

Let Q C P be a reduction of a G-structure P to a subgroup H of G. A
connection ‘H on P is called reducible to @) if the horizontal space H, is a
subspace of T,,Q) for all u € ). If 'H is reducible to @), it clearly defines a
connection ‘H' on @ by H! :=H, for all u € Q.

LEMMA 5.14. A connection H on P is reducible to Q if and only if for
every uy € Q and for every curve x; in M with xy = m(ug), the parallel
transport of ug along x; belongs to Q).

PROOF. Let u; denote the horizontal lift of x; through ug with respect to
H. If H is reducible to a connection ‘H' on @, let u; denote the horizontal lift
of x, through wg with respect to H'. Since 1; € H;,, = H,,, we see that u; is
also a horizontal lift of z; with respect to H, so u; = u; by Proposition 5.12,
and thus u; € Q.

Conversely, let Y,, € H,, be any horizontal tangent vector. Consider a
path z; in M such that g = m(ug) and &y = m.(Y). Since the horizontal
lift u, of x; through uy belongs to @) we deduce that Y,, = uy € T,,Q, thus
showing that H,, is a subspace of T,,,Q. 0

By the definition of holonomy bundles we thus have the following:

COROLLARY 5.15. A connection on a principal bundle P is reducible to
all its holonomy bundles P(u).

Our aim is to understand under which circumstances a connection reduces
to a subbundle defined by a section in some associated vector bundle to P as
in Proposition 4.7.
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Let P be a G-structure over M, and let £ = P x, V be the associated
vector bundle to some representation p of GG on a vector space V. If H denotes
the stabilizer of some element of V'

H:={geG|pg)f=¢}

and O is the G-orbit of £ in V/, the associated fibration P x, O is a subset
of E, which we previously denoted by E¢. Recall that by Proposition 4.7,
sections o of E¢ are in one-to-one correspondence with H-subbundles of P.

THEOREM 5.16. Let o be a section of E¢ C E corresponding to an H-
subbundle Q of P. If H is a connection on P and ¥V denotes the corresponding
covariant deriwative induced on E, then the connection 'H is reducible to ) if
and only if Vo = 0.

PROOF. Let £ be some fixed element of V. By definition, the distinguished
section o of E¢ can be written o = [u, £] where u is an arbitrary section of Q.

If H is reducible to a connection H' on @), we can always choose u to be
horizontal with respect to H' at some point z, so (5.2) shows that Vo = 0 at
x.

Conversely, if Vo = 0, let ug be some arbitrary element of ) and let x;
be some path in M with xy = 7(ug). We denote by wu; the horizontal lift of z;
through wg. Then o and o’ := [uy, ] are two parallel sections along z; which
coincide at zy. By Lemma 5.4 we have o = ¢’ along x;, so u; € @, by the very
definition (4.2) of @). Lemma 5.14 thus shows that H is reducible to Q. O

5.8. Exercises

(1) If H is a connection on a principal bundle P, prove the existence of
local sections which are horizontal at a point x € M. If ¢ is such a
section and X € T, M, prove that o,(X) is the horizontal lift of X
at o(x).

(2) Check the last statement of Theorem 5.8.
(3) Prove Lemma 5.11.
(4) Prove that formula (5.3) defines a connection on the pull-back of P.

(5) (The connection form) If ‘H is a connection in a G-principal bundle
7w : P — M, let w" be the g-valued 1-form on P defined for every
ue Pand U € T,P by

w(U) = (L) H(m,U),

u



46

5. CONNECTIONS

where 7y, denotes the projection onto V, parallel to H, and (L), is
as usual the isomorphism between g and V), given by the differential
at the origin of the map L, : G — P, a +— wua. Use the right
invariance of H to prove the following equivariance property of w’®:

(Ra)*w™ = (ady-1), 0 W™, (5.4)

where ad,—1 : G — G denotes the adjoint morphism g — a 'ga.

Conversely, show that every g-valued 1-form w on P satisfying
w(U) = (L,);1(U) for all U € V, and (5.4) defines a connection H*
on P by the formula H* := ker w.



CHAPTER 6

Riemannian manifolds

6.1. Riemannian metrics

Let M be a smooth manifold.

DEFINITION 6.1. A Riemannian metric on M is tensor field g of type
(2,0) which (as a bilinear form) is symmetric and positive definite at each
point of M.

By Proposition 4.7, a Riemannian metric g on a smooth n-dimensional
manifold M, is equivalent to a reduction O(M) of the frame bundle GI(M)
to the group O(n), where O(M) consists exactly in those frames which are
orthonormal with respect to g.

A pair (M, g) where ¢ is a Riemannian metric on M is called a Riemann-
tan manifold. Each tangent space T, M of a Riemannian manifold is thus a
Euclidean space with respect to the bilinear form g,. Every vector & € T, M
on a Riemannian manifold defines a 1-form & by the formula

E(X)=g(6,X), VXeT,M.

Similarly, an endomorphism A of T,M defines a bilinear form A° by the
formula

A(X)Y):=g(AX),Y), VX)YeT,M.
When there is no risk of confusion (e.g., when the Riemannian metric is

fixed), we will sometimes identify a vector (or an endomorphism) and the
corresponding 1-form (resp. bilinear form).

An important observation is that on Riemannian manifolds one can mea-
sure the length of curves. If v : [0,1] — M is a smooth simple curve, its
length is defined to be

I(y) = / g(4(1), 4(6) 2t

and this definition depends only on the curve itself, not on its parametrization.
Indeed, if ¢t = t(s) is a smooth direct diffeomorphism of the interval [0, 1] and

c(s) == (t(s)) then &(s) = §(t(s)) - '(s) so g(¢(s), é(s)) 2 = g(3(t), (t))"/*
t'(s) and the claim follows from the classical change of variable formula.

47
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Riemannian manifolds are metric spaces with respect to the distance de-

fined by
d(z,y) == nf{l(7) | v(0) = z,7(1) =y},
but we will not further develop this point of view here.

Every smooth manifold M™ carries Riemannian metrics. To see this, take
an atlas (U;, ¢;) of M and a partition of unity (f;) subordinate to the open
cover {U;}. For every x € U, let (g;), denote the pull-back of the standard
Riemannian metric on R™ by the map ¢;. Then g := > fig; is a well-defined
Riemannian metric on M.

6.2. The Levi—Civita connection

The most important feature of Riemannian manifolds is the fact that they
carry a distinguished linear connection.

PROPOSITION 6.2. On any Riemannian manifold (M, g) there ezists a
unique torsion-free linear connection which is reducible to the bundle of or-
thonormal frames O(M).

PROOF. For every linear connection V, we will denote by the same symbol
the covariant derivative induced by V on the tensor bundle which satisfies the
Leibniz rule with respect to the tensor product, commutes with contractions
and equals the usual vector derivative on functions.

From Theorem 5.16, we need to show that there exists a unique linear
connection V such that TV = 0 and Vg = 0. The first relation reads

VxY —VyX =[X,Y], VX, YeXM). (6.1)

In order to exploit the second relation, we notice that if X, ¥ and Z are
vector fields on M, we can write

x(9(V,2) = Vx(g(Y,Z)) = Vx(C\Colg @Y @ Z))

= CiG(Vx(g®Y ® 2))

= (Vx9)Y,2)+g(VxY,Z)+ g(Y,VxZ).
Consequently, Vg = 0 is equivalent to

ox(g(Y,2)) =9(VxY,Z)+g(Y,VxZ), VXY, ZeX(M). (6.2)
We perform circular permutations in this equation and use (6.1) to obtain
Ix(9(Y,Z)) + 0y (9(Z, X)) = 02(9(X,Y)) = ¢g(VxY,Z)+g(Z, VyX)
+9(Y, [X, Z]) + (X, [Y, Z])
so by (6.1) again
29(VxY,Z) = 0x(9(Y, 2)) + Oy (9(Z, X)) — 0z(9(X,Y))

+g(Y,[Z, X)) + g(Z,[X,Y]) — g(X.[Y, Z)). (6.3)
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Since g is non-degenerate, this shows the uniqueness of V. Conversely, this
formula defines an operator V which is easily seen to satisfy the axioms of
Definition 5.1, as well as (6.1) and (6.2). O

The connection given by the proposition above is called the Levi—-Civita
connection. From now on, if (M, g) is a Riemannian manifold, we will denote
by V the Levi-Civita covariant derivative of g, without stating this explicitly
each time. A Riemannian manifold (M",g) is called (locally) irreducible if
the (restricted) holonomy groups of the Levi-Civita connection (recall that
they are all conjugate) act irreducibly on R".

A special case of Lemma 5.7 which turns out to be very useful for concrete

computations is the following:

LEMMA 6.3. Around every point x in a Riemannian manifold (M™,g)
there exists a local orthonormal frame u = {ey,...,e,} parallel at x with
respect to V.

Let (M™, g) be an oriented Riemannian manifold. Since the representation
of Gl,(R) on A"R" is given by the determinant, its restriction to SO,, is
trivial, thus showing that the vector bundle A" M has a distinguished section
dv := [u, (] where u is any oriented orthonormal frame on M and ¢ € A"R"
is the canonical unit element. The n-form dv is called the volume form. If
{€;} is an oriented local orthonormal coframe, then dv =¢e; A --- Agy,.

We end this section by a result relating the Lie derivative and the covariant
derivative.

LEMMA 6.4. If £ is a vector field on a Riemannian manifold (M, g), the
Lie deriwvative of g with respect to & equals twice the symmetric part of VE.

PrROOF. Easy computation:
(Leg)(X,Y) = Le(9(X,Y)) = g(LeX,Y) = g(X, LeY)
= 0:(9(X,Y)) —g([&, X],Y) = g(X, [¢,Y])
OO VX, Y) + g(X, VeY) = g(VeX = Vi€, Y)
—g(X, V£Y - VY£>

6.3. The curvature tensor

To any covariant derivative on a vector bundle £ one can associate its
curvature which is a (2,0)-tensor with values in the bundle End(E) = F ®
E*. This point of view will be developed later on (in Section 10.1). For
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the moment, we consider the particular case of a linear connection V on a
manifold M.

LEMMA 6.5. The operator
RY(X,Y)Z :=VxVyZ —VyVxZ —VixyiZ, ¥V X,Y,Z € X(M)
defines a tensor of type (3,1) called the curvature tensor of V.

PROOF. By Proposition 2.3, this follows from the C*°(M)-multilinearity
of RV, which is straightforward to check using Definition 5.1. 0

If (M"™, g, V) is a Riemannian manifold, it is sometimes convenient to view
the curvature tensor as a (4, 0)-tensor by:

R(X,Y,Z,T) = g(RV(X, 2, T), VXY, Z,TeTM,
called the Riemannian curvature tensor.

A Riemannian metric is called flat if its Riemannian curvature tensor
vanishes. Using the integrability theorem of Frobenius, one can show that
this is equivalent to the fact that M is locally isometric to a Euclidean space.

The following classical result can be checked by direct calculation but its
real signification can only be understood in the context of connection forms
(see Exercise (5) in Section 5.8). Details can be found in [10], p. 135.

LEMMA 6.6. The fully covariant Riemannian curvature tensor R of a
Riemannian manifold has the following symmetries:

o R(X,Y,Z,T) = —R(X,Y,T,7);

o R(X,Y,Z,T) = R(Z,T,X,Y);

o R(X.Y,Z,T)+ R(Y,Z,X,T) + R(Z,X,Y,T) = 0
(1st Bianchi identity);

o (VxR)(Y,Z,T,W) + (VyR)(Z, X, T,W) + (VzR)(X,Y,T,W) = 0
(2nd Bianchi identity).

The Ricci tensor of (M, g) is defined by
Ric(X,Y) := Te{V  R(V, X)Y},

or equivalently
2m

R,iC(X, Y) = Z R(eia X7 Y7 ei)a
i=1

where ¢; is a local orthonormal basis of T'M. We recall that the Ricci tensor
of every Riemannian manifold is symmetric, as can be easily seen from the
symmetries of the Riemannian curvature. A Riemannian metric g on a man-
ifold M is called Einstein if its Ricci tensor Ric is proportional to the metric
tensor, that is, if there exists a real constant A such that

Ric(X,Y) = M\g(X,Y), VX,Y eTM.
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If A =0, the metric g is called Ricci-flat. Using Lemma 6.6 it is easy to show
that a Ricci-flat metric in dimension 2 is flat. With a little more work one
can show the following:

PROPOSITION 6.7. A compact manifold of dimension 2 admitting a flat
Riemannian metric is isometric to a flat torus R?/T where T is a group
generated by two non-collinear translations.

The existence of Einstein metrics on a given manifold is one of the major
open problems in modern Riemannian geometry. As we will see later on, this
problem can be partially solved in the framework of Kahler geometry.

6.4. Killing vector fields

Let (M, g) be a Riemannian manifold. An isometry of M is a diffeomor-
phism f : M — M such that f*g =g, i.e.

9(f(X), [ (Y) ) = 9(X, Y ), Vee M, VXY eTl,M.

DEFINITION 6.8. A wector field on a Riemannian manifold is called a
Killing vector field or infinitesimal isometry if its local flow consists of (local)
1sometries of M.

This definition has a nice geometrical meaning, but in practice one often
uses the following alternative characterization:

PROPOSITION 6.9. Let & be a vector field on a Riemannian manifold
(M, g,V). The following statements are equivalent:

(1) & is Killing with respect to g.

(it) The Lie derivative of g with respect to & vanishes: Leg = 0.

(2ii) The covariant derivative V& is skew-symmetric with respect to g:

g(Vx&Y) +g(Vy&, X) =0, VX,Y €TM. (6.4)

PROOF. Let ¢, denote the local flow of . If ¢ is Killing, ¢, are local
isometries so by (2.6)

d d d

Leg = 7 tzo(sot)*(g) == tzo(sot) (9) = 2l ,9=0

Conversely, suppose that £¢g = 0. Since (¢1).£ = &, the naturality of the Lie
derivative (2.7) yields

0= (s)"(Leg) = Le((#s)"9)
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for all fixed s. Taking into account the fact that ¢, is a pseudogroup of local
diffeomorphisms (1.7) we get

0 = Lal(e)'e) = (@00 = T (o))
d *
= 2| (@)

*

This shows that the family of tensors (¢;)*g does not depend on ¢, so (¢;)*g =
(p0)*g = g, thus proving the equivalence of (i) and (i7).

The equivalence of (ii) and (iii) is a consequence of Lemma 6.4. O

REMARK. The isometry group of every compact manifold is a Lie group,
whose Lie algebra is isomorphic to the space of Killing vector fields.

6.5. Exercises

(1) Show that the holonomy group Hol(u) at some orthonormal frame
u of a Riemannian manifold (M™, g) is contained in the orthogonal
group O,,.

(2) (Conformal metric changes) Let (M, g) be a Riemannian manifold
and let u : M — R be any function. We define a new Riemannian
metric on M by § = e*g. Show that the Levi-Civita covariant
derivatives V and V of ¢ and g are related by

VxY = VxY + (Oxu)Y + (Oyu)X — g(X,Y)Grad,u ,
where Grad,u is the dual of du with respect to g.

(3) Let (M, g,V) be a Riemannian manifold. If n denotes a 1-form on
M, we may view its covariant derivative V7 as a bilinear form on
T M by the formula Vn(X,Y) := (Vxn)(Y). Show that the exterior
derivative of 7 equals twice the skew-symmetric part of Vn:

n(X,Y) = Vi(X,Y) - Vi (Y, X).

(4) Prove that the set of Killing vector fields is a Lie algebra with respect
to the usual Lie bracket. Hint: Use (2.9) and Proposition 6.9.

(5) (Kostant formula) Let £ be a Killing vector field on a Riemannian
manifold (M, g, V) with Riemannian curvature tensor R. Prove that
the covariant derivative of the (1,1)-tensor V¢ satisfies

Vx(VE) = R(X,€), VYXeTM.



(7)

(8)

(9)
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Hint: If X, Y, Z are vector fields on M, take the covariant derivative
of (6.4) with respect to Z and use circular permutations in X, Y, Z.

Show that a Killing vector field ¢ is determined by its 1-jet at any
point. Hint: Use the previous exercise to show that (£, V¢) is a
parallel section of the bundle TM & End(T'M) with respect to a
certain covariant derivative on that bundle, and apply Lemma 5.4
to conclude that if & and V& both vanish at some point, then ¢ is
identically zero.

Show that the space of Killing vector fields on a Riemannian manifold

1)
”("+ -dimensional.

of dimension n is at most

Show that the volume form of an oriented Riemannian manifold is
parallel with respect to the Levi-Civita covariant derivative.

Let V be a torsion-free covariant derivative on the tangent bundle of
a smooth manifold M. Using (3.6), show that the exterior derivative
is related to V by the following formula:

p
dw(Xo, ..., X)) =Y (~1)"(Vxw)(Xo,..., Xi,. .., Xp), (6.5)
=0
for all Xo,..., X, € X(M) and w € QP M.
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CHAPTER 7

Complex structures and holomorphic maps

7.1. Preliminaries

Kéhler manifolds may be considered as special Riemannian manifolds.
Besides the Riemannian structure, they also have compatible symplectic and
complex structures.

DEFINITION 7.1. A Kdhler structure on a Riemannian manifold (M™, g)
1s given by a 2-form €2, called Kahler form and a field of endomorphisms J
of the tangent bundle, satisfying the following

e algebraic conditions
(a) J is an almost complex structure: J* = —Id.
(b) The metric is almost Hermitian with respect to J: g(X,Y) =
g(JX,JY), VXY eTM.
(c) UX,Y) =g(JX,Y).
e analytic conditions
(d) the 2-form 2 is closed: dQ2 = 0.
(e) J is integrable in the sense that its Nijenhuis tensor vanishes
(see (8.1) below).

Condition (a) requires the real dimension of M to be even. Obviously,
given the metric and one of the tensors J and €2, we can immediately recover
the other one by the formula (c).

Here are a few examples of Kahler manifolds which will be studied later
on in these notes:

e (C™ (,)), where (, ) denotes the canonical Hermitian metric (, ) =

e oriented 2-dimensional Riemannian manifolds;

e the complex projective space (CP™, F'S) endowed with the Fubini—
Study metric;

e projective manifolds, that is, submanifolds of CP™ defined by homo-
geneous polynomials in C™*1,

57
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Kéhler structures were introduced by Erich Kéhler in his article [8] with
the following motivation. Given any Hermitian metric A on a complex man-
ifold, we can express the fundamental 2-form €2 in local holomorphic coordi-
nates as follows:

Q=i) hogdza Adzg,

0o 0

He then noticed that the condition d€2 = 0 is equivalent (see Proposition 8.8
below) to the local existence of some function u such that

where

0*u
haj = :
0 024075

In other words, the whole metric tensor is defined by a unique function!
This remarkable (bemerkenswert) property of the metric allows one to obtain
simple explicit expressions for the Ricci and curvature tensors, and “a long
list of miracles occur then”. The function u is called a local Kdahler potential.

There is another remarkable property of Kahler metrics which, curiously,
Kahler himself did not seem to have noticed. Recall that every point x in a
Riemannian manifold has a local coordinate system x; such that the metric
osculates to the Euclidean metric to the order 2 at . These special coordinate
systems are the mormal coordinates around each point. Now, on a complex
manifold with Hermitian metric, the existence of normal holomorphic coordi-
nates around each point is equivalent to the metric being Kéhler (see Section
11.3 below).

Kéhler manifolds have found many applications in various domains such
as differential geometry, complex analysis, algebraic geometry or theoretical
physics. To illustrate their importance let us make the following remark.
With two exceptions (flat metrics and Joyce metrics in dimensions 7 and 8),
the only known compact examples of irreducible Riemannian metrics satisfy-
ing Einstein’s equations

R =0

(Ricci-flat in modern language) are constructed on Kéhler manifolds. Generic
Ricci-flat Kahler manifolds, also called Calabi—Yau manifolds, will be studied
later on in these notes.
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7.2. Holomorphic functions

A function F' = f+ig : U C C — C is called holomorphic if it satisfies
the Cauchy—Riemann equations:

of 0g of 9dg
or Oy and 8y+0x_0‘

Let j denote the endomorphism of R? corresponding to the multiplication
by i on C via the identification of R? with C given by 2z = x + iy — (z,y).
The endomorphism j can be expressed in the canonical basis as

=1 )

If we view I as a real function F' : U C R? — R2, its differential at some
p € U is of course the linear map

(F*)p = 5 5
a—i(m %(p)
Then it is easy to check that the Cauchy—Riemann relations are equivalent
to the commutation relation j o (F.), = (Fi),0j, Vpe U.
Similarly, we identify C™ with R*™ via
(217"'>zm) = (xl +2ylvaxm+7/ym) = (xla"'axmayla"'aym>a

and denote by j,, the endomorphism of R?*™ corresponding to the multiplica-

tion by ¢ on C™:
. 0 —1I,
G = <[m 0 ) : (7.1)

A map F : U C C" — C™ is holomorphic if and only if the differential F, of
F asreal map F : U C R*™ — R?™ satisfies j, o (Fi), = (F.)p 0 jn, VD € U.

7.3. Complex manifolds

A complex manifold of complex dimension m is a topological manifold
(M,U) whose atlas (¢y)uey satisfies the following compatibility condition:
for every intersecting U,V € U, the map between open sets of C™

duv =y o by

is holomorphic. A pair (U, ¢p) is called a chart and the collection of all charts
is called a holomorphic structure.

IMPORTANT EXAMPLE. The complex projective space CP™ can be defined
as the set of complex lines of C"™*! (a line is a vector subspace of dimension
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one). If we define the equivalence relation ~ on C™*!\ {0} by

(205 -y 2m) ~ (Qzo, .., QZi), VYV ae C
then CP™ = (C™*'\ {0})/~. The equivalence class of (2, ..., 2,) will be
denoted by [zg : ... : z,]. Consider the open cover U;, i =0, ..., m of CP™
defined by
Ui={lz0:.. " zm] | 2 #0}

and the maps ¢; : U; — C™,
Gi[z0: ... 2m]) = (@,...,Zi_l,ziﬂ,...,z—m).

It is then an easy exercise to compute

w Wi—1 W w; 1 w; w.
-1 - 1 i—1 i+1 7 7+1 m
¢io¢j (wla---awm)_ Ty ey ) Yty Ty Ty Yty )
which is obviously holomorphic on its domain of definition.

A function F': M — C is called holomorphic if F o ¢{]1 is holomorphic for
every U € U. This property is local. To check it in the neighbourhood of a
point x it is enough to check it for a single U € U containing x.

Since every holomorphic map between open sets of C™ is in particular a
smooth map between open sets of R?™, every complex manifold M of complex
dimension m defines a real 2m-dimensional smooth manifold Mg, which is
the same as M as topological space. The converse does not hold, of course
(not every smooth map is holomorphic), but it is nevertheless remarkable
that the holomorphic structure of M is encoded in a single tensor of the real
manifold Mg, which is a field of endomorphisms of the tangent bundle defined
as follows. For every X € T, Mg, choose U € U containing x and define

Ju(X) = (¢v):" © jm 0 (¢0)(X).
If we take some other V € U containing x, then ¢y = ¢y o qﬁ{,l is holomor-
phic, and ¢y = ¢y o Py, so
J(X) = (6v):! 0 gm0 (¢v)u(X) = (8v):" 0 Jm 0 (dvu)s 0 (¢17).(X)
(&v)" 0 (dvv)s 0 Jim © ($0)(X) = (¢0)" © jim 0 (¢r7)«(X)
Ju(X),

showing that Jy does not depend on U. Their collection is thus a well-defined
tensor J on My satisfying J? = —Id.

DEFINITION 7.2. A (1,1)-tensor J on a smooth (real) manifold M which
satisfies J* = —Id is called an almost complex structure. The pair (M, J) is
then referred to as an almost complex manifold.

A complex manifold is thus in a canonical way an almost complex mani-
fold. The converse is not true in general, but it holds under some integrability
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condition (see Theorem 7.4 below). From now on we will always identify a
complex manifold M with its underlying real manifold Mg, equipped with
the tensor J.

7.4. The complexified tangent bundle

Let (M, J) be an almost complex manifold. We would like to diagonalize
the endomorphism J. In order to do so, we have to complexify the tangent
space. Define

TM® :=TM ®gC.
We extend all real endomorphisms and differential operators from T'M to
TMC by C-linearity. Let T'°M (resp. T%'M) denote the eigenbundle of
TMC® corresponding to the eigenvalue i (resp. —i) of J. The following alge-
braic lemma is an easy exercise.

LEMMA 7.3. One has
M ={X —-iJX | X € TM}, T'M ={X +iJX | X € TM},
and TM® = T M @ T M.

The famous Newlander—Nirenberg theorem can be stated as follows:

THEOREM 7.4. Let (M, J) be an almost complex manifold. The almost
complex structure J comes from a holomorphic structure if and only if the
distribution T M is integrable.

ProoOF. We will only prove here the “only if” part. The interested reader
can find the proof of the hard part for example in [6].

Suppose that J comes from a holomorphic structure on M. Consider a
holomorphic chart (U, ¢y) and let z, = x4+ iy, be the ath component of ¢y .
If {e1,..., €9, } denotes the standard basis of R?*™, we have by definition:

0 N 0 _
Oz = (¢v): ' (ea) and 0_ya = (6v): (emta)-
Moreover, j,,(€a) = €mta, SO we obtain directly from the definition
0 9,
J = —. 7.2
(02:) = 2 72

We now make the following notations

o 1o oy o _1(o o
020~ 2\0za Oya)’ 0%, = 2\ 0z, Oya)’

From Lemma 7.3 and (7.2) we obtain immediately that 0/0z, and 0/0z,
are local sections of TH°M and T%'M respectively. They form moreover a
local basis at each point of U. Let now Z and W be two local sections of
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T M written as Z =Y Z,(0/0za), W = . W,(0/0%,) in this local basis.

A direct calculation then gives

oWs 0 075 0
Lo
Z 0%, 825 Z We * 0z, 825’

a,B=1 a,B=1

which is clearly a local section of T%'M. O

An almost complex structure arising from a holomorphic structure is
called a complex structure.

REMARK. The existence of local coordinates satisfying (7.2) is actually
the key point of the hard part of the theorem. Once we have such coordinates,
it is easy to show that the transition functions are holomorphic: suppose that
(Ua, Vo) is another local system of coordinates, satisfying

0 0
oon " ouy
We then have
81%' 81)[3
8Ia Z 0z, 8u5 Z 0z, 81}5 (7.3)
and
@ 8UB 81}5
— = . 4
0o 8ya 8u5 Z 8ya 81)[3 (74)
Applying J to (7.3) and comparing to (7.4) yields
8ug 8vg 8uﬁ 61}5
- — d _—
0ry  OYu o Mo aﬂﬁa

thus showing that the transition functions are holomorphic.

7.5. Exercises

(1) Prove Lemma 7.3.
(2) Let A+ iB € Gl,,,(C). Compute the product

I, O A B I, O
—il, I,) \—-B A) \il, I,

and use this computation to prove that for every invertible matrix
A+iB € Gl,,(C), the determinant of the real 2m x 2m matrix

(%5 3)

is strictly positive.
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(3) Show that every almost complex manifold is orientable.

(4) Let a > 1 be some real number. Let I' be the subgroup of Gl,,(C)
generated by al,,. Show that I" acts freely and properly discontinu-
ously on C™\ {0} (see [10], p. 43). Use this to prove that S x S?"~!
carries a complex structure.

(5) Show that every holomorphic function defined on a compact complex
manifold is constant. Hint: Use the maximum principle.

(6) (The complex Grassmannian) Let Gr,(C™) denote the set of all p-
dimensional vector subspaces of C™. Show that Gr,(C™) has the
structure of a complex manifold of dimension p(m — p). Hint: If
{e;} denotes the canonical basis of C™, and I := {i1,...,0p_p} i8
a subset of {1,...,m}, let U; be the subset of Gr,(C™) consisting
of all p-dimensional vector subspaces of C™ supplementary to the
vector subspace spanned by {e;,...,e;, ,}. Show that U; can be
naturally identified with the set of p x (m — p) matrices, and that
their collection defines a holomorphic atlas on Gr,(C™).






CHAPTER 8

Holomorphic forms and vector fields

8.1. Decomposition of the (complexified) exterior bundle

Let (M, J) be an almost complex manifold. We now turn our attention
to exterior forms and introduce the complexified exterior bundle AFZM =
A*M ®g C. The sections of AzM can be viewed as complex-valued forms or
as formal sums w + 7, where w and 7 are usual real forms on M.

We define the following two subbundles of ALM:
AM ={6c A\tM | £(Z2) =0,V Z € T M}
and
A" M :={e e A\fM | £(Z) =0,V Z € T M}.
The sections of these subbundles are called forms of type (1,0) or forms of
type (0,1) respectively. Lemma 7.3 yields the following:

LEMMA 8.1. One has
AOM ={w—iwoJ|weA M}, A" M ={w+ivoJ|weA M}
and AEM = AYOM & A M.

Let us denote the kth exterior power of AM (resp. A%!) by A¥O (resp.
A%*) and let AP? denote the tensor product AP? @ A%9. The exterior power
of a direct sum of vector spaces can be described as follows

k
ME®OF)~@PNERANTF

i=0

From Lemma 8.1 we then get
AEM ~ @D APIM.

p+q=Fk
Sections of AP4M are called forms of type (p, q) and the space of forms of type
(p, q) is denoted by QP4M . Tt is easy to check that a complex-valued k-form w
belongs to Q*°M if and only if Z Jw = 0 for all Z € T%'M. More generally,
a complex k-form belongs to APYM if and only if it vanishes whenever applied
to p + 1 vectors from TH°M or to ¢ + 1 vectors from T M.

If J is a complex structure, we can describe these spaces in terms of a
local holomorphic coordinate system. Let z, = x,+1y, be the ath coordinate

65



66 8. HOLOMORPHIC FORMS AND VECTOR FIELDS

of some ¢y. Extending the exterior derivative on complex-valued functions
by C-linearity defines complex-valued 1-forms dz, = dz, + idy, and dz, =
dro —idys. Then {dzy,...,dz,} and {dz, ..., dz,} are local bases for A M
and A% M respectively, and a local basis for AP9M is given by

{dziy N Ndzyy NdZj N NdZ,, iy < e <, g1 <o < g}

To every almost complex structure J one can associate a (2,1)-tensor N’
called the Nijenhuis tensor, defined by

N(X,Y) = [X, Y]+ JJX, Y]+ J[X,JY] - [JX, JY], (8.1)
for all X,Y € X(M).

PROPOSITION 8.2. Let J be an almost complex structure on a real 2m-
dimensional manifold M. The following statements are equivalent:

(1) J is a complex structure.

(2) T'M s formally integrable, that is, [Z, W] € T(T*'M), ¥ Z,W €
T (T%' M).

(3) d(QMOM) C QM ¢ QM M.

(4) d(QPM) C QPFFHIM @ QPITIM Y 0 < p, g < m.

(5) N7 =0.

PROOF. (1) <= (2) is given by Theorem 7.4.

(2) <= (3). Let w be a section of AbYM. The A%*M-component of dw
vanishes if and only if dw(Z, W) =0 for all Z, W € T M. Extend Z and W
to local sections of T%'M and write

dw(Z,W) = 0z(w(W)) — 0w (w(Z)) — w([Z,W]) = —w([Z, W]).
Thus

do(Z,W) =0, VZWeT"M, VweQ"'M
— w(Z,W])=0, YVZWecI(T"M), VwecQ'M
— [Z,W]eD(T"'M), ¥V Z W eT(T"'M).

(3) <= (4). Suppose that (3) holds. By complex conjugation we get
immediately d(Q%'M) c Q%M @ QYIM. Tt is then enough to apply the
Leibniz rule to any section of AP»?M, locally written as a sum of decomposable
elements wy A -+ Awy, ATy A -+ ATy, where w; € QMM and 7; € Q™' M. The
reverse implication is obvious.

(2) < (5). Let X,Y € X(M) be local vector fields and let Z denote
the bracket Z := [X +iJX,Y +iJY]. An easy calculation gives Z —iJZ =
N’(X,Y) — iJNY(X,Y). Thus Z € T%'M <= N’(X,Y) = 0, which
proves that T%!M is integrable if and only if N7 = 0. O
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8.2. Holomorphic objects on complex manifolds

In this section (M, J) will denote a complex manifold of complex dimen-
sion m. We start with the following characterization of holomorphic functions.

LEMMA 8.3. Let f: M — C be a smooth complez-valued function on M.
The following assertions are equivalent:

(1) f is holomorphic.
(2) 02f =0, V ZeTOM.
(3) df is a form of type (1,0).

PROOF. (2) < (3). df € V"M <— df(Z) =0,V Z € T"M <+
azf =0, Y ZeT% M.

(1) <= (3). The function f is holomorphic if and only if f o ¢;' is
holomorphic for every holomorphic chart (U, ¢), which is equivalent to f, o
(¢v)itojm = ifio (o).t that is, f.oJ =if.. This last equation just means
that for every real vector X, df(JX) = idf(X), that is, idf (X +iJX) =
0, VX € TM, which is equivalent to df € Q40M. O

Using Proposition 8.2, for every fixed (p, q) we define the differential op-
erators 0 : QPIM — QPTLIN and O : QPIM — QP9HIM by d = 0 + 0.

LEMMA 8.4. The following identities hold:
=0, =0, 99+do=0.

PROOF. We have 0 = d% = (04 0)% = 0% + 9% + (00 + 00), and the three
operators in the last term take values in different subbundles of AZM. 0

DEFINITION 8.5. A wvector field Z in T'(T°M) is called holomorphic if
Oz f is holomorphic for every locally defined holomorphic function f. A p-
form w of type (p,0) is called holomorphic if dw = 0.

DEFINITION 8.6. A real vector field X is called real holomorphic if its
(1,0) component X —iJX is a holomorphic vector field.

LEMMA 8.7. Let X be a real vector field on a complex manifold (M, J).
The following assertions are equivalent:

(1) X is real holomorphic.
(2) LxJ =0.
(3) The flow of X consists of holomorphic transformations of M.

Although not explicitly stated, the reader might have guessed that a
smooth map f : (M, J;) — (N, J3) between two complex manifolds is called
holomorphic if its differential commutes with the complex structures at each
point: f,oJ; = Jyo f,.



68 8. HOLOMORPHIC FORMS AND VECTOR FIELDS

PRrROOF. The equivalence of the last two assertions is tautological. In
order to prove the equivalence of the first two assertions, we first notice that
a complex vector field Z is of type (0,1) if and only if dzf = 0 for every
locally defined holomorphic function f. Suppose that X is real holomorphic
and let Y be an arbitrary vector field and f a local holomorphic function.
As Oxyisx)f = 0, we have O x_isx)f = 20xf. By definition, Ox f is then
holomorphic, so by Lemma 8.3 we get Oy 4isv)(0x f) = 0 and Oy 4igvyf = 0.
In particular, Oy 4isv,x)(f) = 0. As this holds for every holomorphic f,
Y +iJY, X] has to be of type (0,1), that is, [JY, X] = J[Y,X]. Hence
(Lx)(Y)=Lx(JY)—J(LxY)=[X,JY]—JX,Y] =0 for all vector fields
Y. ie. LxJ =0. The converse is similar and left to the reader. O

REMARK. If M is a compact complex manifold, its automorphism group
(consisting of holomorphic diffeomorphisms) is a Lie group, whose Lie algebra
is just the space of real holomorphic vector fields.

We close this section with the following important result:

PROPOSITION 8.8. (The local id0-lemma) Let w € AYYMNA2M be a real
2-form of type (1,1) on a complex manifold M. Then w is closed if and only
if every point x € M has an open neighbourhood U such that the restriction
of w to U equals i00u for some real function v on U.

PROOF. One implication is clear from Lemma 8.4:
d(i00) = i(0 + 0)00 = i(9°0 — 09*) = 0.
The other implication is more delicate and needs the following counterpart of
the Poincaré Lemma (see [3], p. 25 for a proof):

LEMMA 8.9. (Dolbeault Lemma) A 0-closed (0,1)-form is locally 0-ezact.

Let w be a closed real form of type (1,1). From the Poincaré Lemma,
there exists locally a real 1-form 7 with dr = w. Let 7 = 710 4 701 be the
decomposition of 7 in forms of type (1,0) and (0,1). Clearly, 750 = 70.1,
Comparing types in the equality

w=dr = or%" + (0" + or'°) + o',
we get Ot = 0 and w = (97%! 4+ 97'°). By the Dolbeault Lemma, there
exists a local function f such that 91 =9 J. By complex conjugation we get
70 = 9f, whence w = (7% + 0710) = 90 f + 00 f = i09(2Im(f)), and the
proposition follows, with u := 2Im(f). O

8.3. Exercises

(1) Prove Lemma 8.1.

(2) Prove that the object defined by formula (8.1) is indeed a tensor.
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(3) Show that an almost complex structure on a real 2-dimensional man-
ifold is always integrable.

(4) Show that {dz,} and {9/0z,} are dual bases of A"M and T''M
at each point of the local coordinate system.

(5) Show that a 2-form w is of type (1,1) if and only if w(X,Y) =
W(JX,JY), ¥ XY € TM.

(6) Let M be a complex manifold with local holomorphic coordinates

{za}
e Prove that a local vector field of type (1,0), Z = > Z,(9/0z4)
is holomorphic if and only if Z, are holomorphic functions.
e Prove that a local form of type (1,0), w = > wadz, is holomor-
phic if and only if w, are holomorphic functions.

(7) If X is a real holomorphic vector field on a complex manifold, prove
that JX has the same property.

(8) Prove the converse in Lemma 8.7.
(9) Show that in every local coordinate system one has

of = Z azadza and  Of = il g—id‘

(10) Let M be a real manifold, and let T' be a complex subbundle of AL M
such that T @ A*M = AgM. Show that there exists a unique almost
complex structure J on M such that T = AYYM with respect to J.






CHAPTER 9

Complex and holomorphic vector bundles

9.1. Holomorphic vector bundles

Let M be a complex manifold and let 7 : E — M be a complex vector
bundle over M (i.e. each fibre 77!(z) is a complex vector space). E is called
a holomorphic vector bundle if there exists a trivialization with holomorphic
transition functions. More precisely, there exists an open cover U of M and
for each U € U a diffeomorphism ¢y : 7= 1(U) — U x C* such that

e the following diagram commutes:

7 Y(U) o x

e for every intersecting U and V one has ¢y o9y (z,v) = (z, guv(x)v),
where gyy : UNV — Gl(C) C C* are holomorphic functions.

ExAMPLES. 1. The tangent bundle of a complex manifold M?™ is holo-
morphic. To see this, take a holomorphic atlas (U, ¢y) on M and define
Yy TM}U — U x C™ by vy (X,) = (2, (¢v)«(X)). The transition functions

guv = (¢v)s o (¢v); ! are then clearly holomorphic.
2. The cotangent bundle, and more generally the bundles AP°M are

holomorphic. Indeed, using again a holomorphic atlas of the manifold one
can trivialize locally AP°M and the chain rule

0z 0z
dzal/\..-/\dzap Z awzl,.. apdwﬁl/\.../\dwﬁp
1

shows that the transition functlons are holomorphic.

For every holomorphic bundle £ one defines the bundles AP9(E) :=
APIM @ E of E-valued forms on M of type (p,q). The space of sections
of APE is denoted by QP(E). We define the d-operator 0 : QP(E) —
OPatL(E) in the following way. If a section o of AP9(E) is given by o =
(w1, ...,wk) In some local trivialization (where w; are local (p, ¢)-forms), we

71
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define do := (Owy,...,0wy). Suppose that ¢ is written o = (71,...,7;) in
some other trivialization of E. Then one has 7; = Zle gjiw; for some holo-
morphic functions gj, thus 573 = Zle gjléwl, showing that do does not
depend on the chosen trivialization. By construction one has 9> = 0 and 0
satisfies the Leibniz rule:

OwAo)=(0w) Ao+ (=1)PTw A (do), VYweQPIM, o€ QM(E).

Notice that the bundles A»YM are not holomorphic bundles for ¢ # 0.

9.2. Holomorphic structures

A pseudo-holomorphic structure on a complex vector bundle F is an oper-
ator 0 : OP4(E) — QP (E) satisfying the Leibniz rule. If, moreover, 9% = 0,
then 0 is called a holomorphic structure.

A section ¢ in a pseudo-holomorphic vector bundle (£, 9) is called holo-
morphic if do = 0.

LEMMA 9.1. A pseudo-holomorphic vector bundle (E,d) of rank k is holo-
morphic if and only if each x € M has an open neighbourhood U and k
holomorphic sections o; of E over U such that {o;(x)} form a basis of E,.

Proor. If E is holomorphic, one can define for every local holomor-
phic trivialization (U, vy ) a local basis of holomorphic sections by o;(x) :=
Qb(}l(x,ei), V x € U. Conversely, every local basis of holomorphic sections
defines a local trivialization of E. If {o;} and {5;} are two such holomor-
phic bases, corresponding to two local holomorphic trivializations (U, )
and (V, ¢y ), we can write o; = ) g;;0; for some smooth functions g;; defined
on U NV. Applying 0 and using the Leibniz rule in this expression yield
dg;; = 0, hence the transition functions gy = (g;;) are holomorphic. O

THEOREM 9.2. A complex vector bundle E is holomorphic if and only if
it has a holomorphic structure 0.

PrOOF. The “only if” part follows directly from the discussion above.
Suppose, conversely, that F is a complex bundle over M of rank k with
holomorphic structure 0 satisfying the Leibniz rule and 0> = 0. In order to
show that E is holomorphic, it is enough to show, using Lemma 9.1, that one
can trivialize E around each x € M by holomorphic sections. Let {01, ..., 04}
be local sections of £ which form a basis of F over some open set U containing
x. We define local (0,1)-forms 7;; on U by the formula

k
aO'i: E Tij®aj-
J=1
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The condition 9% = 0, together with the Leibniz rule, yield

k k
0 = 520'1' = Zéﬂ‘j@O’j — ZTilAle®aj7
7=1

jl=1

whence

k
57—ij:ZTil/\le7 V1 SZ,] Sk (91)
=1
From now on we will use the summation convention on repeating subscripts.
Suppose one can find a map f: U — Gl(C), f = (fi;) such that

0=0f;+ fam;, V1<i,j<k, (9.2)

for some open subset U’ of U containing x. It is then easy to check that the
local sections s; of E over U’ defined by s; := f;;0; are holomorphic:

551‘ = gfjl ® o1+ fjrm @ oy =0.
The theorem thus follows from the next lemma. O

LEMMA 9.3. Suppose that 7 := (1;5) is a gl,(C)-valued (0,1)-form on U
satisfying O = 7 AT, or equivalently (9.1). Then for every x € U there exists
some open subset U’ of U containing x and a map f: U — Gl,(C), f = (fij)
such that Of + fr =0, in other words, such that (9.2) holds.

PROOF. The main idea is to define an almost complex structure locally on
U x C* using 7, to show that its integrability is equivalent to (9.1), and finally
to obtain f as the matrix of some frame defined by 7 in terms of holomorphic
coordinates given by the theorem of Newlander—Nirenberg.

We denote by N the product U x C*. We may suppose that U is an
open subset of C™ with holomorphic coordinates z, and denote by w; the
coordinates in CF.

It is easy to check that any complement T' of A'N in the complexified
bundle A{N, with T = T, defines an almost complex structure on N, such
that T' becomes the space of (1,0)-forms on N (see Exercise (10) of Section
8.3).

Consider the subbundle T of A'N ® C generated by the 1-forms
{dzo, dw; —myw; | 1 <a<m, 1 <i<k}.

We claim that the almost complex structure induced on N by 7' is integrable.
By Proposition 8.2, we have to show that d['(T)) C T'(T A ALN). Tt is enough
to check this on the local basis defining 7. Clearly d(dz,) = 0 and from (9.1)
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we get
d(dwl — mwl) = —Orw; — 57}'1@[]1 + 75 N dwy
= —0Tyw; — Tis N\ Tqwy + Tis N dwy
= —0mw + Tis A (dws — Tquwy),
which clearly is a section of T'(T" A AtN). We now use the Newlander—
Nirenberg theorem and complete the family {z,} to a local holomorphic co-
ordinate system {z,,u;} on some smaller neighbourhood U’ of z. Since du,
are sections of T', we can find functions Fj; and Fj,, 1 < i, <k, 1 <a<m
such that
dul = Fh(dwz — Tikwk) + Eadza.
We apply the exterior derivative to this system and get
0 =dF; A (dw; — Tyowg) + Fi(—dmigwy, + Tig A dwy) + dFjo A dzg,.
We evaluate this last equality for w; = 0, and get
0=dF(z,0) A dwg + Fi(2,0)7 A dwy, + dFjo A dz,. (9.3)
If we denote fi,(2) := Fix(z,0), then the A%'U’-part of dF(z,0) is just Ofy.
Therefore, the vanishing of the A% U’ ® AMYC*-components of (9.3) just reads
0= 0fu + fuTin-
[l

The above proof was taken from [12].

9.3. The canonical bundle of CP™

Let (M, J) be a complex manifold of (complex) dimension m. The com-
plex line bundle Kj; := A™YM is called the canonical bundle of M. We
already noticed that K, has a holomorphic structure.

On the complex projective space there is some distinguished holomorphic
line bundle called the tautological line bundle. 1t is defined as the complex
line bundle 7 : L — CP™ whose fibre L.} over some point [z] € CP™ is the
complex line (z) in C™ .

We consider the canonical holomorphic charts (U,, ¢,) on CP™ and the
local trivializations 1, : 71(U,) — U, x C of L defined by ,([z],w) =
([2], wa). It is an easy exercise to compute the transition functions:

“a

Yy © wgl([z], A) = (2], gap([2])A), where gap([2]) = %

This shows that the tautological bundle of CP™ is holomorphic.

PROPOSITION 9.4. The canonical bundle of CP™ is isomorphic to the
(m + 1)th power of the tautological bundle.
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PROOF. A trivialization for p : A™°CP™ — CP™ is given by (¢)"! :
P (Ua) = Uq x A™C™, s0 the transition functions are hag = (¢}) " o (¢5).
Let now w := dw; A --- A dw,, be the canonical generator of A™°C™. We

introduce holomorphic coordinates a; := z;/z, for i € {0,...,m} \ {a} and
b; == z;i/z3 for i € {0,...,m} \ {B} on U, N Up and we get

or(w)=dag A+ Ndag—1 Ndagsr A -+ A dagy,

67

¢5(w) = dbo A -~ Adby_y Adbgiy A--- Adby,.

Therefore we can write

dbo/\ . '/\dblg_l /\db5+1/\' . /\dbm == hagdag/\' . -/\daa_l/\daa+1/\~ . /\dCLm

(9.4)
On the other hand, agb, = 1 and for every ¢ # «, 3 we have a;, = b;ag. This
shows that dag = —(1/b2)db, = —a%dba and da; = agdb; + b;dag for i # «, (.
An easy algebraic computation then yields

dag N\ - Ndag—1 Ndagyi A -+ ANday, =
(—1)*Padby A+ Adbg_1 Adbgyr A+ A dby,.

Using (9.4) we thus see that the transition functions are given by

p m—+1
baa = (125 = (- (=)

Finally, denoting ¢, := (—1)® we have cahagcgl = g;”6+1, which proves that
Kepm o L™ (9.5)

O

9.4. Exercises

(1) Let E — M be a rank k complex vector bundle whose transition
functions with respect to some open cover {U,} of M are g,s. Show
that a section 0 : M — E of E can be identified with a collection
{0} of smooth maps o, : U, — C* satisfying 0, = gas0s on U,NUs.

(2) Let m: E — M be a complex vector bundle over a complex manifold
M. Prove that E has a holomorphic structure if and only if there
exists a complex structure on E as manifold, such that the projection
7 is a holomorphic map.

(3) Show that the tautological line bundle of CP™ has no non-trivial
holomorphic sections.
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(4) (The hyperplane line bundle of CP™) Let H denote the dual of the
tautological line bundle of CP™. In other words, the fibre of H over
some point [z] € CP™ is the set of C-linear maps Cz — C. Find local
trivializations for H with holomorphic transition functions. Show
that the dimension of the space of holomorphic sections of H is m+1.



CHAPTER 10

Hermitian bundles

10.1. The curvature operator of a connection

Let M be a smooth manifold of dimension n and let &£ — M be a vector
bundle over M. From now on we will use the term connection for covariant
derivative as well and we reformulate Definition 5.1 as follows:

DEFINITION 10.1. A connection on E is a C-linear differential operator
V :T(E) — QYE) satisfying the Leibniz rule

V(fo)=df o+ fVo, V felC®(M),oecl(FE),
where QY(E) denotes the space of E-valued 1-forms, i.e. sections of N\M QFE.

One can extend any connection to the bundles of E-valued p-forms on M
by
Viw®o)=dw®o+ (—1)’w A Vo,
where the wedge product has to be understood as
wA Vo ::Zw/\e;‘@)Veia
i=1
for any local basis {e;} of TM with dual basis {e}}.
The curvature operator of V is the End(E)-valued 2-form RV defined by
RY(0):=V(Vo), Voel(E). (10.1)
To check that this is indeed tensorial, we can write:

V3(fo) =V(df @0+ fVo) =d*f @0 —df NNo+df ANV + fV?e = fV?0.

More explicitly, if {0y, ...,0x} are local sections of E which form a basis
of each fibre over some open set U, we define the local connection forms
wij € QYU) (relative to the choice of the basis) by

Vo, = w;; ® oj.
We also define the local curvature 2-forms RZ by
RY(0;) = RZ ® oy,
and compute
RZ ®oj = RY(0;) = V(wi; ® 0j) = (dwij) ® 0 — wiy A wyj @ o3,
7
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showing that
RZ == dwij — Wyl A wlj. (102)

The above discussion also holds if £ — M is a complex vector bundle over
M and V is a C-linear connection on F.

10.2. Hermitian structures and connections

Let E — M be a complex rank k& bundle over some smooth manifold M.

DEFINITION 10.2. A Hermitian structure H on E is a smooth field of

Hermitian products on the fibres of E, that is, for every x € M, the map
H: E, x E, — C satisfies

s C-linear in u for every v € E,.
H( u), Yu,vekE,.

0,

a

‘v’u;«éO

smooth function on M for every smooth sections u and

A complex vector bundle endowed with a Hermitian structure is called a Her-
mitian vector bundle.

It is clear from the above conditions that H is C-anti-linear in the second
variable. The third condition says that H is non-degenerate. In fact, it is
quite useful to view H as a C-anti-linear isomorphism H : £ — E*.

Every rank £ complex vector bundle E admits Hermitian structures. To
see this, just take a trivialization (U;,1;) of E and a partition of the unity
(f:) subordinate to the open cover {U;}. For every = € U, let (H;), denote
the pull-back of the standard Hermitian metric on C* by the C-linear map
¢Z‘Ex Then H := > f;H; is a well-defined Hermitian structure on E.

Suppose now that M is a complex manifold. Consider the projections

O AYE) - AYY(F) and 7% : AY(E) — A%(F). For every connection
V on E, one can consider its (1,0) and (0,1)-components V¥ := 7100V
and VO := 701 0 V. From Proposition 8.2, we can extend these operators
to V10 QP4(E) — QPTH(E) and VO QP(E) — QPIY(E) satisfying the
Leibniz rule:

VH09Wweo)=0weo+ (—1)"w A Ve
and
Vi (w®o)=0w® o+ (—1)"w A Vi,

for all w € QPIM, o € T'(E). Of course, V®! is a pseudo-holomorphic struc-
ture on E for every connection V.
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For every section o of E one can write
RY(0) = V0= (VY +V")%(0)
= (VY2(0) + (VO))2(0) + (VHOVO! 4 OITL0) (o),
so the (0,2)-type component of the curvature is given by

(RV)O,2 — (V071)2.

Theorem 9.2 shows that if (RY)%? vanishes for some connection V on F,
then E is a holomorphic bundle with holomorphic structure 0 := V%!, The
converse is also true: simply choose an arbitrary Hermitian metric on £ and
apply Theorem 10.3 below.

We say that V is an H-connection (or Hermitian connection) if H, viewed
as a field of C-valued real bilinear forms on FE, is parallel with respect to V.
We can now state the main result of this section:

THEOREM 10.3. For every Hermitian structure H in a holomorphic bun-
dle E with holomorphic structure O, there exists a unique H-connection V

(called the Chern connection) such that V%! = 9.

PRrROOF. Let us first remark that the dual vector bundle E* is holomorphic
too, with holomorphic structure still denoted by d, and that any connection
V on F induces canonically a connection, also denoted by V, on E* by the
formula

(Vxo*)(o) :=0x(c"(0)) — 0" (Vx0), (10.3)
for all X € TM, o € I'(E), o* € I'(E*). Notice that V%' = 9 on E just
means that Vo € Q(E) for every holomorphic section o of E. From (10.3),
if this property holds on E, then it holds on E* too.

_ After these preliminaries, suppose that V is an H-connection with VOl =
0. The C-anti-linear isomorphism H : F — FE* is then V-parallel, so for
every section o of F and every real vector X on M we get

Vx(H(0)) =Vx(H)(o)+ H(Vxo)=H(Vxo).
By the C-anti-linearity of H, for every complex vector Z € TM® we have
Vz(H(o)) = H(V;0).
For Z € T*°M, this shows that

Vo) =H™ o V™ (H(0)) = H™(9(H(0))), (10.4)
hence V.= 04+ H' 0 9 o H, which proves the existence and uniqueness of
V. O

REMARK. The (0,2)-component of the curvature of the Chern connection
vanishes. Indeed,

(RY)**(0) = V*(V*(0)) = 0*(0) = 0.
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Its (2,0)-component actually vanishes too, since by (10.4),

(1)

VH(VY(0)) = VI (H T (0(H(0)))) = H(9*(H(0))) = 0.

10.3. Exercises

Let E — M be a complex vector bundle and denote by E* and F
its dual and its conjugate. Recall that for every x € M, the fibre
of E* over z is just the dual of E, and the fibre E, of F is just F,
endowed with the conjugate complex structure, in the sense that the
action of some complex number z on F, is the same as the action of
z on E,. If g,z denote the transition functions of £ with respect to
some open cover {U,} of M, find the transition functions of E* and
E with respect to the same open cover.

Show that a Hermitian structure on a complex vector bundle F de-
fines an isomorphism between E* and E as complex vector bundles.

Let £ — M be a rank k£ complex vector bundle. Viewing local
trivializations of E as local bases of sections of F, show that if the
transition functions of F with respect to some local trivialization
take values in the unitary group Uy C Gli(C) then there exists a
canonically defined Hermitian structure on E.

Prove the naturality of the Chern connection with respect to direct
sums and tensor products of holomorphic vector bundles.



CHAPTER 11

Hermitian and Kahler metrics

11.1. Hermitian metrics
We start with the following:

DEFINITION 11.1. A Hermitian metric on an almost complex manifold
(M, J) is a Riemannian metric h such that h(X,Y) = h(JX,JY), for all
X, Y € TM. The fundamental 2-form of a Hermitian metric is defined by
QX,Y) =h(JX,Y).

The extension by C-linearity (also denoted by k) of the Hermitian metric
to TMC satisfies

hZ, W) =h(Z,W), ¥ Z,W € TMC.
h(Z,Z) >0, for every non-zero complex vector Z. (11.1)
h(Z,W)=0, ¥ Z,W e€TM and ¥ Z,W € TO' M.

Conversely, each symmetric tensor on TM® with these properties defines
a Hermitian metric by restriction to TM (exercise).

REMARK. The tangent bundle of an almost complex manifold is in par-
ticular a complex vector bundle. If h is a Hermitian metric on M, then
H(X,)Y) = h(X,)Y) —ih(JX,Y) = (h —iQ)(X,Y) defines a Hermitian
structure on the complex vector bundle (T'M, J), as defined in the previous
chapter. Conversely, any Hermitian structure H on T'M as complex vector
bundle defines a Hermitian metric h on M by h := Re(H).

REMARK. Every almost complex manifold admits Hermitian metrics.
Simply choose an arbitrary Riemannian metric g and define h(X,Y) =
g X,)Y)+g(JX,JY).

Let z, be holomorphic coordinates on a complex Hermitian manifold
(M?*™ h,J) and denote by h,; the coefficients of the metric tensor in these

local coordinates:
o 0
h.z=hl—,—].
af (8za’ (92@)

81
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LEMMA 11.2. The fundamental form is given by

Q=14 Y hopdza AdZp.

a,f=1

The proof is left as an exercise.

11.2. Kahler metrics

Suppose that the fundamental form €2 of a complex Hermitian manifold
is closed. The local i00-lemma yields the existence in some neighbourhood of
each point of a real function u such that Q = i90u, which in local coordinates
reads )

hoy = 00
Gzaé?zﬁ
This particularly simple expression for the metric tensor in terms of one single
real function deserves the following:

DEFINITION 11.3. A Hermitian metric h on an almost complex manifold
(M, J) is called a Kahler metric if J is a complex structure and the funda-
mental form € s closed:

N7 =0,

h is Kahler <=
is Kahler {dQ:O.

A local real function u satisfying ) = i00u is called a local Kahler potential
of the metric h.

Our aim (as Riemannian geometers) is to express the Kéhler condition in
terms of the covariant derivative of the Levi—Civita connection of h. We start
by doing so for the Nijenhuis tensor.

LEMMA 11.4. Let h be a Hermitian metric on an almost complex manifold
(M, J), with Levi-Civita covariant derivative V. Then J is integrable if and

only if
(VuxJ)Y = J(VxJ)Y, VX, YeTM. (11.2)

PROOF. Let us fix a point x € M and extend X and Y to vector fields
on M parallel with respect to V at x. Then we can write

N(X)Y) = [X,Y]|+J[JX, Y]+ J[X,JY]~[JX,JY]
J(Vx )Y = J(Vy )X — (Vyx )Y + (Vv J)X
= (J(VxJ))Y = (VyxJ)Y) = (J(Vy )X = (Vv J)X),

thus proving that (11.2) implies N7 = 0. Conversely, suppose that N/ =
0 and denote by A(X,Y,Z) = h(J(VxJ)Y — (V,;xJ)Y,Z). The previous
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equation just reads A(X,Y,Z) = A(Y, X, Z). On the other hand, A is skew-
symmetric in the last two variables, since J and VxJ are anti-commuting
skew-symmetric operators. Thus A(X,Y,Z) = —A(X,Z,Y), so by circular
permutations we get
AX)Y,Z)=-AY,Z, X)=A(Z,X,Y) = -A(X,Y, 2),
which implies (11.2). O
THEOREM 11.5. A Hermitian metric h on an almost complex manifold is

Kahler if and only if J is parallel with respect to the Levi-Civita connection

of h.

PROOF. One direction is obvious, since if J is V-parallel, then N’ clearly
vanishes, and as Q = h(J-,-), we also have VQ = 0, so by (6.5), d©2 = 0.
Suppose, conversely, that h is Ké&hler and consider the tensor B(X,Y,7) :=
h((VxJ)Y,Z). As J and VxJ anti-commute we have

B(X,Y,JZ)=B(X,JY,Z).
From (11.2) we get
B(X,Y,JZ)+ B(JX,Y,Z) =0.
Combining these two relations also yields
B(X,JY,Z)+ B(JX,Y,Z) = 0.
We now use d§2 = 0 twice, first on X, Y, JZ, then on X, JY, Z and get:
B(X,Y,JZ)+ B(Y,JZ,X)+ B(JZ,X,Y) =0,
B(X,JY,Z)+ B(JY,Z,X)+ B(Z,X,JY) = 0.

Adding these two relations and using the previous properties of B yields
2B(X,Y,JZ) =0, that is, J is V-parallel. O

11.3. Characterization of Kahler metrics

We will now prove the analytic characterization of Kahler metrics men-
tioned in Section 7.1.

THEOREM 11.6. A Hermitian metric h on a complex manifold (M, J) is
Kahler if and only if around each point of M there exist holomorphic coor-

dinates in which h osculates to the standard Hermitian metric to the order
2.

PROOF. Suppose that for every z € M we can find holomorphic local
coordinates z, = T4 + 1y, around x such that h,z = %%5 + o3, and

ore ore
ras(a) = 22 () = T2 () = 0
g

0y,
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Then

= 0h,3 0h, 3
=iy ( DBy + y“ﬁ dy7> A dze A dZg
a,B,7=1 v

clearly vanishes at x. As x was arbitrary, this means df) = 0.

Conversely, if the metric is Kahler, for every x € M we take an orthonor-

mal basis of T, M of the form {ey, ..., en, Jey, ..., Je,} and choose a local
holomorphic coordinate system (z, = x4 + 1y,) around x such that
0 0

Cq =

(x) and Jeq

Oq N 8_31(1(96)'

The Kahler 2-form €2 can be written as
1
0= ZZ (§5a5 + Z Aoy 2y + Z AapyZy + 0(|z|)>dza A dzZg,
o, ¥ ¥

where o(|z|) denotes generically a function whose 1-jet vanishes at x. The
condition h,5 = hgs together with Lemma 11.2 implies

Qo = T (11.3)
and from df)? = 0 we find

QaBy = Qypa- (114)

We now look for a local coordinate change in which the Kéahler form has
vanishing first order terms. We put

1
Zo = Wqo + 5 ﬁz baﬂvwﬁw’h
7’y

where by, are complex numbers satisfying bn,g, = bayg. This coordinate
change is well-defined locally thanks to the holomorphic version of the local
inversion theorem. We then have

dzy = dw,, + Z bosywadw.,
By

whence (using again the summation convention on repeating subscripts)

1
Q = i<§§a5 + Aoy 2y T QapyZy + 0(]z|)) dzo N\ dZs

1
— i<§5a5 + Aapy Wy + GapsWy + 0(|w|)) (dwg, + boerwedw,)

A(dwg + bger W dw, )

(1 _ — _
=1 <§5a6 + QapyWy + QapsWy + bgyaly + baysty + 0(|w|>> dwe N dig.
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If we choose bgyq = —@qap, (Which is possible because of (11.4) which ensures
that a,g, is symmetric in o and 7y), then from (11.3) we get

barg = —pay = —0apy,

showing that

1
0= i(§5a5 + 0(|w|)> dw,, N dwg.

The proof above was taken from [3], p. 107.

11.4. Comparison of the Levi—Civita and Chern connections

Our next aim is to express the J-operator on the tangent bundle of a
Hermitian manifold (M, h,J) in terms of the Levi-Civita connection of h. In
order to do so, we have to remember that T'M is identified with a complex
vector bundle via the complex structure J. In other words, a product X
for some X € T'M is identified with JX. Since this point is particularly
confusing, we insist a little more on it: we don’t say that iX = JX on TM
(this actually would make no sense because 7'M is a real bundle), we just say
that the complex structure on 7'M (which is usually denoted by ¢ on vector
bundles) is, in this case, given by the tensor J.

LEMMA 11.7. For every section' Y of the complex vector bundle (T'M, J),
the 0-operator, as T'M -valued (0, 1)-form is given by
- 1
VY (X) = 5(VXY + JVxY — J(VyJ)X), (11.5)

where V denotes the Levi—-Civita connection of any Hermitian metric h on

M.
PROOF. Recall first that (0f)(X) = 29(x+isx)f, s0
- 1
N(fYNX) = fi(VXY +JVxY — J(VyJ)X)

—l—%((axf)y + (Osx )JY) = FOVY(X) +0f(X)Y,

which shows that the operator 9V defined by (11.5) satisfies the Leibniz rule.
Moreover, a vector field Y is a holomorphic section of T'M if and only if it
is real holomorphic. By Lemma 8.7, this is equivalent to Ly J = 0, which
means that for every vector field X € X' (M) one has

0 = (LyJ)X = Ly(JX) — JLyX = [V, JX] — J[Y, X]
= VyJX — VY — JVyX + JVxY
= (Vy )X = VyxY + JVyY = J(VxY + IV, xY — J(VyJ)X),
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thus showing that VY vanishes for every holomorphic section Y. This proves

that 9V = 0. O

The tangent bundle of a Hermitian manifold (M, h,J) has two natural
linear connections: the Levi-Civita connection V and the Chern connection
V.

PROPOSITION 11.8. On a Hermitian manifold (M, h,J), the Chern con-

nection coincides with the Levi—Civita connection if and only if (M, h,J) is
Kdhler.

PRrOOF. Let H := h — if) denote the Hermitian structure of TM. By
definition, J is parallel with respect to the Chern connection, which is a
complex connection. Thus, if V = V then J is V-parallel, so h is Kahler by
Theorem 11.5. Conversely, suppose that h is Kahler. Then VJ = 0, so the
Levi—Civita connection is a complex-linear connection on T'M. Moreover, it
is an H-connection since Vh = 0. Finally, the condition V' = 0 follows
from Lemma 11.7, as V}' = 1(Vx +iV,x) = 3(Vx + JV, x). O

11.5. Exercises

(1) Prove that every Hermitian metric on a 2-dimensional almost com-
plex manifold is Kéahler.

(2) Prove that the fundamental form of a Hermitian metric is a (1,1)-
form.

(3) If h,s denote the coefficients of a Hermitian metric tensor in some
local holomorphic coordinate system, show that h,; = h_gd

(4) Show that the extension of a Hermitian metric i by C-linearity is a
symmetric bilinear tensor satisfying

WZ,W)=hZW), ¥ ZWeTMC,
h(Z,Z) >0, for every non-zero complex vector Z,
WZW)=0, VZWeT'" M and V Z,W € T"' M,

and conversely, any symmetric complex bilinear tensor satisfying this
system arises from a Hermitian metric.



CHAPTER 12

The curvature tensor of Kahler manifolds

12.1. The Kahlerian curvature tensor

Let (M*™ h,J) be a Kéhler manifold with Levi-Civita covariant deriva-
tive V. We denote as before by R its curvature tensor (which satisfies the
symmetries given by Lemma 6.6) and by Ric its Ricci tensor

Ric(X,Y) :=T{V — R(V,X)Y}.
Since J is V-parallel, the Riemannian curvature tensor satisfies:
R(X,Y)JZ=JR(X,Y)Z, VXY, ZecX(M). (12.1)
By Lemma 6.6 this immediately implies
R(X,)Y,JZ, JT)=R(X,Y,Z,T)=R(JX,JY, ZT),

whence, in a local orthonormal basis {e;},

2m 2m
Ric(JX, JY) =) Rle;, JX,JY,e;) = Y R(Je;, X, Y, Je;) = Rie(X,Y),
i=1 i=1
since the set {Je;} is also an orthonormal basis. This last equation shows that
the expression Ric(JX,Y) is skew-symmetric in X and Y, therefore justifying
the following:

DEFINITION 12.1. The Ricci form p of a Kdhler manifold is defined by
p(X,Y) :=Ric(JX,Y), VX YeTM.

The Ricci form is one of the most important objects on a Kahler manifold.
Among its properties which will be proved in the next chapters we mention:

e the Ricci form p is closed;

e the cohomology class of p is equal (up to some real multiple) to the
Chern class of the canonical bundle of M;

e in local coordinates, p can be expressed as p = —id0log det(hyj),
where det(h,3) denotes the determinant of the matrix (h,3) express-
ing the Hermitian metric.

For the moment, we use the Bianchi identities satisfied by the curvature
tensor to prove the following:

87
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PROPOSITION 12.2. (i) The Ricci tensor of a Kdhler manifold satisfies
1
Ric(X,Y) = STr(R(X, JY) 0 J).
(i1) The Ricci form is closed.

PROOF. (i) Let (e;) be a local orthonormal basis of TM. Using the first
Bianchi identity we get

2m 2m
Ric(X,Y) = Y Rle, X,Y,e;) = R(e;, X, JY, Je;)
=1 =1

2m

= Y (=R(X,JY,e;, Je;) — R(JY,e;, X, Je;))
=1
2m

= Y (R(X,JY, Jej, e5) + R(Y, Je;, X, Jey))
=1

= Tr(R(X,JY)oJ)—Ric(X,Y).

(1) From (i) we can write 2p(X,Y) = Tr(R(X,Y) o J). Therefore,

20p(X.Y,2) 'L 2(Vxp)(Y, 2) + (Vyp)(Z, X) + (V2p)(X,Y))

= Tr(((VxR)Y,2)+ (VyR)(Z,X)+ (VzR)(X,Y)) 0 J)
= 0,

the last equality being a direct consequence of the second Bianchi identity. [

12.2. The curvature tensor in local coordinates

Let (M?™, h,J) be a Kihler manifold with Levi-Civita covariant deriva-
tive V and let (z,) be a system of local holomorphic coordinates. We consider
the associate local basis of the complexified tangent bundle T7CM:

9 B
-2 .- 1<a<m
EO EER a=m

We let Roman subscripts A, B,C,... run over the set {1,...,m,1,...,m}
and Greek subscripts «, 3,7, ... run over the set {1,...,m}. We denote the
components of the Kahler metric in the above coordinates by

hAB = h(ZA, ZB)

Y

Of course, since the metric is Hermitian we have

hag = hag =0, hg, = h,5= h_ﬁ@ (12.2)
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Let h*? denote the coefficients of the inverse matrix of (hyp). Using, as usual,
the summation convention on repeating subscripts, we define the Christoffel
symbols relative to the basis {Z4} of TM® by

V2,25 =T%57c.
Using the convention & = «, we get by conjugation
FgB = FEB'
Since V is torsion-free we have
c c
i =1Ba;
and since 71 is V-parallel we must have
v
FAB - 0.
These relations show that the only non-vanishing Christoffel symbols are
[ and FZ[ 5

In order to compute them, we notice that Fgg = 0 implies

hence oh
5
8—zi = h(V 2,25, Z5) = T sh.s.
This proves the formulas
Ohgs ~0h g5
7 shys = a_zi and  I7,= Wa—zi (12.4)

The curvature tensor can be viewed either as (3,1)- or as (4,0)-tensor. The
corresponding coefficients are defined by

R(Z4,Z8)%c = RE 50 Zp

and
Rapep = R(Za, Z5, Zc, Zp) = hppRE e

From the fact that T°M is parallel we immediately get R,z = R}y = 0,

hence Rapys = Rapss = 0. Using the curvature symmetries we finally see
that the only non-vanishing components of R are
Ra@vga Raﬁ”“/é? Ro‘zﬁ'yga Rdﬂ'?é
and
s 5 3 5
Rz, Rigy Rapyn Raps
From (12.3) and (12.4) we obtain

or?
Zs = R(Zcu ZB)Z’Y = _VZ[§<VZaZ’Y) = —VZE(F‘;’YZ(S) — _ ONZ(S,

R’ .
825

aBy
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therefore 5
8F
R, = =, 12.5
afy T 93 5 ( )
Using this formula we can compute the components of the Ricci tensor:
8F°‘
s DPia. _ DA _ p«a _ ay
Ric,5 = Ricg, = RAB7 RaﬁV 825 .

Let us denote by d the determinant of the matrix (h,3). From Lemma 12.3
below and (12.4) we get

Oh.s lﬁ ~ Ologd
0z, d 0z, a Dz

This proves the following simple expressions for the Ricci tensor

Fa — Fa — ha6

. 9 logd
RlCa@ - 82a6267
and for the Ricci form
p = —iddlog d. (12.6)
LEMMA 12.3. Let (h;j) = (hi;(t)) be the coefficients of a map h : R —

Gl,,(C) with hi := (h”)_1 and let d(t) denote the determinant of (hij). Then
the following formula holds

_th YTt

i,j=1

PROOF. Recall the definition of the determinant

d= Y e(0)hig - e,

eSS,
If we denote

d E h'101 cee 1 loj—1 hi+10i+1 s hmama

a'ebm
0i=J

then we obtain easily

> hyhtt = dzz o) hig, - . mgm:dz ) higy - - - Pmo,,
j=1

1= 1 UEbm 0'667n
0i=J

1
d )
and

Z hkjilji Z Z hlal cee hi—laiflhkaihi—i-laprl ce hmam =0
j=1

'= O'EGm
0i=J
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for k # i since in the last sum each term corresponding to a permutation o
is the opposite of the term corresponding to the permutation (ik) o o, where
(ik) denotes the transposition of i and k. This shows that k7" = h7* are the
coefficients of the inverse matrix of h. We now get

d(t) = Z Z (t)hioy - Picio,  Pitio, - - Do,

(1)

O’EGm =1

- Z Z Z h101 cee hi—lUi—lhi+1Ui+1 Tt hmf’m

i=1 j=1 oce6mn
;=]

:th Hh = th tYhI(t

1,j=1 1,j=1

12.3. Exercises

Let S := Tr(Ric) denote the scalar curvature of a Kéhler manifold
M with Ricci form p. Using the second Bianchi identity, prove the
formula:

1
dp = —§Jd5, (12.7)
where 0 denotes the codifferential (see (14.7) below).

Prove that the curvature of a Kahler manifold M, viewed as a sym-
metric endomorphism of the space of complex 2-forms, maps A%?M
and A2°M to 0. Compute the image of the Kihler form through this
endomorphism.

Let h be a Hermitian metric on some complex manifold M?™ and let
Zoa = To + 1Y be a local system of holomorphic local coordinates on
M. Using (12.2), show that the determinant of the complex m x m
matrix (h,;) is a positive real number whose square is equal to the
determinant of the real 2m x 2m matrix h;; representing the metric
in the local coordinate system (z;,y;).

Let h and A’ be two Kéhler metrics on some complex manifold (M, J)
having the same (Riemannian) volume form. Prove that the Ricci
tensors of h and h’ are equal.






CHAPTER 13

Examples of Kahler metrics

13.1. The flat metric on C™

Its coefficients with respect to the canonical holomorphic coordinates are

o 0 1 0 0 0 0 1
o = h(a_ a—ﬁ) = zh(axa IR “ayﬁ> = 5008,

so by Lemma 11.2, the Kahler form is given by

1 m . B
Q=i ;dza AdZ, = %88|z|2.

Thus u(z) = 3|z|* is a Kéhler potential for the canonical Hermitian metric
on C™.

13.2. The Fubini—Study metric on the complex projective space

Consider the canonical holomorphic atlas (U;, ¢;) on CP™ described in
Section 7.3. Let m: C™*\ {0} — CP™ be the canonical projection

(20, 2m) = [20 0 -+ 1 Zm)-

This map is clearly onto. It is moreover a principal C*-fibration, with local
trivializations ¢; : 7 1U; — U; x C* given by

by(2) = ([2], %),
and transition functions ¥; o ¥, ' ([2], @) = ([2], (2;/2k) ).

Consider the functions u : C™ — R and v : C™™! \ {0} — R defined by
w(w) = log(1+|w|?) and v(z) = log(|z|?). For every j € {0,...,m}, we define

CmH {0} —=~U; C CP™

f,
J (ZSJ

(Cm
93
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The map f; is clearly holomorphic and a direct calculation yields

wo fi(2) = v(z) — log|z|*.
As d0log|z;|? = 0, this shows that (f;)*(00u) = ddv for every j. We thus
can define a global 2-form €2 on CP™ by
Q‘U = 1i(¢;)" (85U>»

which satisfies

T(Q) = i00v. (13.1)
Clearly € is a closed real (1,1)-form, so the tensor h defined by

MX,Y):=Q(X,JY), VXY eTCP"

is symmetric and Hermitian. The next lemma proves that h defines a Kahler

metric on CP™.

LEMMA 13.1. The tensor h is positive definite on CP™.

PROOF Consider a canonical holomorphic chart ¢; : U; — C™. Clearly,
h = (¢;)* (h), where h is the symmetric tensor on C™ defined by h(X,Y) :=
i0du(X,JY), ¥V X,Y € TC™. We have to prove that & is positive definite.
Now, since the unitary group U,, consists of holomorphic transformations
of C™ preserving the function u, it also preserves h. Moreover, U, acts
transitively on the unit sphere of C™, so it is enough to prove that his positive
definite at a point p = (r,0,...,0) € C™ for some positive real number r. We
have

_ o 1 7 -
d0log(1+ |2|7) = a(T]zP ;zldzz P Zdzl A dz;
1 m - m -

=1

At p this 2-form simplifies to

(1+—1r2)2 (d21 Adz + (14 7?) é dzi N dzi) ,
which shows that
hy(X,Y) = ﬁfie (Xll?l (1412 2 )
is positive definite. 0

The Kéhler metric on CP™ constructed in this way is called the Fubini—
Study metric and is usually denoted by hpg.
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13.3. Geometrical properties of the Fubini—Study metric

The Fubini-Study metric was defined via its Kéhler 2-form, which was
expressed by local Kahler potentials. We provide here a more geometrical
description of this metric, showing that it is the projection onto CP™ of some
symmetric tensor field of C™!\ {0}.

LEMMA 13.2. The canonical projection w : C™1\ {0} — CP™ is a sub-
mersion, and for every z € C™1\ {0}, the kernel of its differential at z,
dr, : T,(C™1\ {0}) — Ty CP™, is the complex line spanned by z.

PROOF. Let z € C™*! with z; # 0. The composition f; := ¢; o7 is given
by
1
fj(Z(), ce ,Zm) = Z(Z(), R 7 s RIS ,Zm).
J
We take j = 0 for simplicity and denote f = fy. Its differential at z applied
to some tangent vector v is

1 v
df.(v) = Z—O(vl, ey Um) — Z—g(zl, ey Zm)-
0

Thus v € ker(dm,) <= v € ker(df,) <= v = (vo/z0)z. This shows that
ker(dm,) is the complex line spanned by z, and for dimensional reasons dr,
has to be onto. O

Consider the complex orthogonal z* of z in C™*! with respect to the
canonical Hermitian metric, i.e. the set

= {yeC™ | > zy; =0}
=0

Taking D, := z* for all 2 € C™™!\ {0}, defines a codimension 1 complex
distribution D of the tangent bundle of C™*!\ {0}. Let X — X< denote
the orthogonal projection onto z* in T,(C™*" \ {0}) and define a bilinear

symmetric tensor i on C™*1\ {0} by
- 2
hX,Y):= (Xt Y, VX YeT.(C"\{0}),

where (-, -) denotes the canonical Hermitian product.

LEMMA 13.3. The (1,1)-form o(X,Y) := h(JX,Y) associated to the ten-
sor h satisfies ¢ = i00log(|z|?) on C™*1\ {0}.

PROOF. It is enough to prove this relation at a point p = (r,0,...,0) €
Cm™+1\ {0} for some positive real number 7 because both members are in-
variant under the action of the unitary group U,,;1, which is transitive on
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spheres. We have

_ 1 m -
00log(|z]*) = a(W(ZZidZi)>
1=0
1 m ) 1 m ) m )
= WZdZZ/\dZZ—W(ZZZle) N (Zzldzl)
1=0 i i

At p, this 2-form simplifies to
_ 1 — -
(001og(|2[*)), = ) Z(dzi A dZ;)p.
i=1

On the other hand, we have at p

o2 0N (0 9N (9 9
\oz,025) ~ 020 075) '\ 92a 025

which vanishes if @« = 0 or 8 = 0 and equals (1/r%)d,s otherwise. Thus
. 1 ¢ _ :
—igp = > (dzi Adz), = (001og(|2[*)),.
i=1

O

Using this lemma and (13.1) we see that 7*h = h, showing that the
Fubini-Study metric hps on CP™ is given by the projection of the above
defined semi-positive symmetric tensor field h.

PROPOSITION 13.4. The unitary group U, 1 acts transitively by holomor-
phic isometries on (CP™ hpg).

PROOF. For every A € Uy, 2 € C™\ {0} and o € C*, we have
A(az) = aA(z), showing that the canonical action of U,,,; on C™"\ {0} de-
scends to an action on CP™. For every A € U,, .1, let A be the corresponding
transformation of CP™. Its expression in the canonical holomorphic charts
shows that every A acts holomorphically on CP™. In order to check that
A preserves the Fubini-Study metric, we first use (13.1) and the relation
vo A(z) = log|Az|* = log|z]? = v(z) to get

T (A*(Q)) = A*(i0dv) = iDDA* v = i00v = T*Q.
Lemma 13.2 shows that 7, is onto, so 7 is injective on exterior forms, hence

A*(Q) = (). Since A preserves the complex structure too, this clearly implies
that A is an isometry. O

We will now use the computations in local coordinates performed in Sec-
tion 12.2 in order to show that the Fubini-Study metric is Einstein. Since
there exists a transitive isometric action on CP™, it is enough to check this
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at some point, say p:=[1:0:...:0] € CP™. From Lemma 13.1 we see that
the Kahler form is given in the local chart ¢y by

e i m ) i m ) m )

i=1 i=1

LEMMA 13.5. Let dx denote the volume form on C™
da = dzy Adyy A -+ A day, A dyyy, = %dzl/\dil/\---/\%dzm/\dzm.

Then the local expression of the Kahler 2-form ) in the chart ¢o satisfies
2™m)!

* —IQ m __ d ]
((qb(]) ) (1 + |z|2)m+1 X

PROOF. Both terms are clearly invariant by the action of U,, on C™,
which is transitive on spheres, so it is enough to prove the equality at points
of the form z = (r,0,...,0), where it is actually obvious. O

Now, for every Hermitian metric h on C™ with fundamental form ¢, the
determinant d of the matrix (h,;) satisfies

1
— " =d2™dz.
m!

Applying this to our situation and using the lemma above yields

1

d = det(h,g) = A5 R

whence logd = —(m + 1)log(1 + |z|?), so from the local formula (12.6) for
the Ricci form we get

p = —id0logd = (m + 1)iddlog(1 + |z|*) = (m + 1),

thus proving that the Fubini-Study metric on CP™ is an Einstein metric,
with Einstein constant m + 1.

13.4. Exercises

(1) A submersion f: (M, g) — (N, h) between Riemannian manifolds is
called Riemannian submersion if for every x € M, the restriction of
(f+)z to the g-orthogonal of the tangent space to the fibre f~1(f(z))
is an isometry onto Ty /N. Prove that the restriction of the canon-
ical projection 7 to S?™*! defines a Riemannian submersion onto

(CP", Lhps).
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(2) Show that (CP', hpg) is isometric to the round sphere of radius 1/v/2,
S%(1/4/2) € R3. Hint: Use the fact that a simply-connected mani-

fold with constant positive sectional curvature K is isometric to the
sphere of radius 1/V K.

(3) Show that for every Hermitian tensor A on C™ with fundamental
form ¢, the determinant d of the matrix (h,z) satisfies

™ = d2™mldzx.

(4) Let Q be the fundamental 2-form of an almost Hermitian manifold
(M?™ h,J). Show that the Riemannian volume form dv of h satisfies
mldv = Q™.



CHAPTER 14

Natural operators on Riemannian and Kahler
manifolds

14.1. The formal adjoint of a linear differential operator

Let (M™,g) be an oriented Riemannian manifold (not necessarily com-
pact) with volume form dv and let £ and F' be Hermitian vector bundles
over M with Hermitian structures denoted by (-,-)r and (-, ).

DEFINITION 14.1. Let P : I'(E) — I'(F) and Q : T'(F) — ['(E) be linear
differential operators. The operator () is called a formal adjoint of P if

/M<P04>ﬁ>FdU:/M<O%Q5>EdU,

for every compactly supported smooth sections o € C°(E) and € C3°(F).

LEMMA 14.2. There exists at most one formal adjoint for every linear
differential operator.

PROOF. Suppose that P : I'(E) — I'(F') has two formal adjoints, denoted
Q@ and @Q’. Then their difference R := Q) — Q' satisfies

/ (o, RB)pdv =0, Y aeCP(E), VB eCSF). (14.1)
M

Suppose that there exists some ¢ € I'(F) and some z € M such that
R(o)(x) # 0. Take a positive bump function f on M such that f = 1
on some open set U containing = and f = 0 outside a compact set (see
Section 1.3). Since R is a differential operator, the value of R(o) at x only
depends on the germ of o at x, so in particular R(fo) has compact support
and R(fo)(x) = R(o)(x) # 0. Applying the formula (14.1) above to the
compactly supported sections o := R(fo) and 3 := fo of E and F we get

0= [ (arohedo = [ |R(f0) v

This shows that the smooth positive function |R(f)|? has to vanish identi-
cally on M, contradicting the fact that its value at x is non-zero. ([l

The formal adjoint of an operator P is usually denoted by P*. From the
above lemma it can be checked immediately that P is the formal adjoint of
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100 14. NATURAL OPERATORS ON RIEMANNIAN AND KAHLER MANIFOLDS

P* and that Q* o P* is the formal adjoint of P o (). The lemma below gives
a useful method to compute the formal adjoint:

LEMMA 14.3. Let P : I'(E) — I'(F) and Q : I'(F) — I'(E) be linear
differential operators. If there exists a section w € I'(E* ® F*® A" M) such
that

((Pa, B)r — (@, QB)p)dv = d(w(a, B)), ¥ a €T(E), ¥ #€T(F), (142)
then @ 1s the formal adjoint of P.

PROOF. For every compactly supported sections a and 3 of E and F
respectively, the (n — 1)-form w(«, §) has compact support. By the Stokes
theorem, the integral over M of its exterior derivative vanishes. 0

14.2. The Laplace operator on Riemannian manifolds

We consider an oriented Riemannian manifold (M", g) with volume form
dv. We denote generically by {ey,...,e,} a local orthonormal frame on M
parallel at a point (Lemma 6.3) and identify vectors and 1-forms via the
metric g. In this way we can write for instance dv =e; A --- A e,.

There is a natural embedding ¢ of A¥M in (T*M)®* given by
o(w)( Xy, ..., Xk) = w(Xq,..., Xk),
which in the above local basis reads

pler A+ Neg) = Ze(a)em@)---@egk.

geSy

The Riemannian product g induces a Riemannian product on all tensor bun-
dles. We consider the following weighted scalar product on A*M:

1
(w,7) = o(plw), 9(7))
which can also be characterized by the fact that the basis
{ea Ao Ney | 1<0p < oo <gp, <}

is orthonormal. With respect to this scalar product, the interior and exterior
products are adjoint operators:

(Xow,T)={(w,XAT), VXe&TM, weA'M rcA"M (14.3)
We define the Hodge *-operator * : A*M — A""*M by
w A *7 1= (w, T)dv, Yw,T€AM.

It is well known and easy to check on the local basis above that the following
relations are satisfied:

x1 =dv, *dv =1, (14.4)

(fw, *7) = (w, T), (14.5)
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«2 = (=1)*=R) on AR (14.6)
The exterior derivative d : Q*M — QFF1M | which by (6.5) satisfies

d= Zn:ei N Vei;
=1

has a formal adjoint § : Q¥ M — QFM given by

§=—(~1)"xdx==> eV, (14.7)
=1

To see this, let a € QF and # € QF*! be smooth forms. Then we have
(do, BYdv = daAxB=daNxp)—(=1)'andx*p3
= dlaA*p) — (=) Pag A xxdx 3
= d(aAx*B) = (=1)"a,*d * B)dv,

so Lemma 14.3 shows that d* = (—1)"**1 x dx on k + 1-forms. The formal
adjoint 0 := d* of d is called the codifferential and a form w which satisfies
dw = 0 is called coclosed.

Using the Hodge x-operator we get the following useful reformulation of
Lemma 14.3: if there exists a section 7 € I'(E* ® F* ® A' M) such that

(Pa, B)p = (@, QP)p = 0(r(a, B), Vael(E), fel(F),  (148)
then @ is the formal adjoint of P. Indeed, §(7(«, 3))dv = —d(*(7(, 3))) is

an exact n-form.
The Laplace operator /A : Q¥ M — QFM is defined by
A :=dd+ dd,

and is clearly formally self-adjoint. An exterior form w € QPM is called
harmonic if Aw = 0.

14.3. The Laplace operator on Kahler manifolds

After these preliminaries, let now (M?™ h,J) be an almost Hermitian
manifold with fundamental form 2. We define the following (real) algebraic
operators acting on differential forms:

2m
1
L:AM =AM, L) =QAw=3 e JeAw,
i=1
with adjoint A satisfying

2m
1
. Ak+2 k ._
A ATEM — AYM, A(w) .—5121 Je; se; Jw.
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These natural operators can be extended to complex-valued forms by C-
linearity. If P and @) are differential or algebraic operators acting on sections
of the same vector bundle, we denote by a bracket the operator [P, Q)] :=
Po@Q—-QoP.

LEMMA 14.4. The following relations hold:

(1) The Hodge %-operator maps (p, q)-forms to (m — q,m — p)-forms.
(2) [X_I,A] =0 and [XJ,L] =JXA.

The proof is straightforward.

Let us now assume that M is Kahler. We define the twisted differential
de: QFM — QFHIM by

2m
d(w) == Je;i AVew
i—1
whose formal adjoint is ¢ : Q¥ M — QFM

2m
0° = —xd* = —ZJeiJVei.
i=1
LEMMA 14.5. On a Kdahler manifold, the following relations, called Kéahler
identities hold:
[L,0] = d°, [L,d] =0 (14.9)

and

A, d] =—6°,  [Ad]=0. (14.10)

PRrROOF. Using Lemma 14.4(2) and the fact that J and Q are parallel we
get
2m 2m 2m
[L,0] == [L.e;aVe] ==Y [Le;s]Ve, =Y _ Je; AV, = d.
i=1 i=1 i=1
The second relation in (14.9) follows from the fact that the Kéhler form is
closed. The two relations in (14.10) are direct consequences of (14.9) using
the Hodge *x-operator. O

Corresponding to the decomposition d = 0+ 0 we have the decomposition
0 = 0" + 0%, where
O QPN — QPN 0" == — % 0x
and B -
O - QPIM — QPN 0" = — %0 *.
Notice that 0* and 0* are formal adjoints of 0 and O with respect to the
Hermitian product H on complex forms given by

H(w,7) = (w,T). (14.11)
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We define the Laplace operators
A =00 +99  and  A?:= 9 + 5D,

One of the most important features of Kéahler metrics is that these new
Laplace operators are essentially the same as the usual one:

THEOREM 14.6. On any Kdhler manifold one has A = 2A2 = 27

PROOF. The usual identification of T'M and T*M via the metric, ex-
tended to TCM by C-linearity, maps (1,0)-vectors to (0,1)-forms and vice
versa. From the fact that APYM are parallel subbundles with respect to the
covariant derivative V, we easily get

1 _
0= Z §(ej +iJe;) A Ve, and 0= Z —iJej) AV,.
J
Subtracting these two relations yields
d°=i(0— ), (14.12)
and applying the Hodge *-operator,
§¢ =i(0" — 9%). (14.13)

Applying (14.9) to a (p, ¢)-form and projecting onto APELIM and AP+ M
give
[L,0%] =0, [L,0%] = —id, [L,0] =0, [L,0] =0,  (14.14)

and similarly from (14.10) we obtain

[A, 0] = i0%, [A, 0] = —i0*, [A, 0] =0, [A,07] =0. (14.15)
Now, the relation 9? = 0 together with (14.15) enables us to write

(50" + ) = DA, 8] + [A, )9 = NG — HAG = 0
and similarly ) )
00" + 00 =
Thus,
A = (0+09)(0"+0%) + (0" +0%)(9+9)
= (00" +070) + (00" 4+ 0"0) + (00" + 0%0) + (00" + 00)

= AP+ AP
It remains to show the equality A2 = A9 which is a consequence of (14.15):
—iN? = —i(00" 4+ 0%0) = O]\, 0] + [A, )0 = OAD — DOA + AOO — OND

= OAD + JON — ADO — ONO = [0, A]0 + 0[O, A
— —i0*0 — 00" = —iN°.
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14.4. Exercises

(1) Consider the extension of J as derivation
J:A*M — AFM, J(w) I:ZJQZ'/\(QZ'_ICU).

Show that the following relations hold:
e J is skew-Hermitian.
e J(aNp) = Ja)AB+ anJ(B) for all forms a € QPM and
BeQFM.
e The restriction of J to A»?M is equal to the scalar multiplication
by i(q — p).
e [J,A]=0and [J, L] =0.

(2) Let w be a k-form on an n-dimensional Riemannian manifold M.
Prove that

Zei/\(eiJw):kw and ZeiJ(ei/\w):(n—k)w.
i=1 i=1

(3) Show that 0 = dd®+d°d = dd°+6°d = §6° + 0°0 = dd°+d°0 on every
Kéahler manifold.
(4) Prove that [J,d] = d° and [J,d] = —d on Kéhler manifolds.

(5) Show that the Laplace operator commutes with L, A and J on Kéhler
manifolds.



CHAPTER 15

Hodge and Dolbeault theories

15.1. Hodge theory

In this section we assume that (M™, g) is a compact oriented Riemannian
manifold. From now on we denote by QEM := I'(A*M ® C) the space of
smooth complex-valued k-forms and by ZEM the space of closed complex
k-forms on M. Since the exterior derivative satisfies d> = 0, one clearly has
deglM C ZEM. We define the de Rham cohomology groups by

ZEM
HgR(M; (C) = CMSTM
C

The de Rham isomorphism theorem says that the kth singular cohomology
group of M with complex coefficients is naturally isomorphic to the kth de
Rham cohomology group:

H*(M,C) ~ H},(M,C).

We now denote by H*(M, C) the space of complex harmonic k-forms on M,
i.e. forms in the kernel of the Laplace operator:

HM(M,C) := {w e QLM | Aw = 0}.

LEMMA 15.1. A form is harmonic if and only if it is closed and d-closed.

PROOF. One direction is clear. Suppose conversely that w is harmonic.
Since M is compact and d and ¢ are formally adjoint operators with respect
to the Hermitian product H defined in (14.11), we get

0:/ H(Aw,w)dv:/ H(d(5w+5dw,w)dv:/ |6w|? + |dw|*dv,
M M M

showing that dw = 0 and dw = 0. O

THEOREM 15.2. (Hodge decomposition theorem) The space of k-forms
decomposes as a direct sum

QEM = HMNM,C) @ 6QEH M & dQg " M.

ProOOF. Using Lemma 15.1 it can be checked immediately that the three
spaces above are orthogonal with respect to the global Hermitian product on
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QFM given by
(w,7) = / H(w,7)dv.
M

The hard part of the theorem is to show that the direct sum of these three
summands is the whole space QM. A proof can be found in [3], pp. 84—
100. O

The Hodge decomposition theorem shows that every complex k-form w
on M can be uniquely written as

w=dw + 6" + wH,
where W' € QE M, w" € QET M and w# € H*(M, C). The above expression
is called the Hodge decomposition of w. If w is closed, we can write

0= (dw,w") = (ddw", ") = / |6w”|?dv,
M

showing that the second term in the Hodge decomposition of w vanishes.
ProposITION 15.3. (Hodge isomorphism) The natural map
f:HNM,C) — Hpp(M,C)

given by w — [w] is an isomorphism.

PRrOOF. First, f is well-defined because every harmonic form is closed
(Lemma 15.1). The kernel of f is zero since the space of harmonic forms is
H-orthogonal to the space of exact forms, so in particular their intersection
is reduced to {0}. Finally, for every de Rham cohomology class ¢, let w be a
closed form such that [w] = ¢. We have seen that the Hodge decomposition
of wis w = dw' + wf showing that

f) =" = [dw' + ] = [w] = c,
hence f is onto. O
The complex dimension by(M) := dimc(Hpz(M,C)) is called the kth
Betti number of M and is a topological invariant by de Rham’s theorem.

PROPOSITION 15.4. (Poincaré duality) The vector spaces H*(M,C) and
H"*(M,C) are isomorphic. In particular by(M) = b, (M) for every com-
pact n-dimensional manifold M .

PROOF. The isomorphism is simply given by the Hodge *-operator which
maps harmonic k-forms to harmonic (n — k)-forms. 0

We close this section with the following interesting application of Theorem
15.2.
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PROPOSITION 15.5. Every Killing vector field on a compact Kahler man-
ifold (M, g, J) is real holomorphic.

PRrOOF. Let X be a Killing vector field, that is, by Proposition 6.9, Lxg =
0. We compute the Lie derivative of the Kahler 2-form with respect to X using
the Cartan formula:

LxQ=d(X Q)+ X 2dQ=d(X .9Q),

so Lx€) is exact. On the other hand, since the flow of X is isometric, it
commutes with the Hodge x-operator, thus Lx o x = x o Lx. As we clearly
have do Lx = Lx o d too, we see that Lx 00 = § o Lx, whence

d(LxQ) = Lx(d2) =0
and
I LxQ) = Lx(6Q2) =0,

because €2, being parallel, is coclosed. Thus Lx2 is harmonic and exact, so
it has to vanish by Theorem 15.2. This shows that the flow of X preserves
the metric and the Kéhler 2-form, it thus preserves the complex structure .J,
hence X is real holomorphic. O

REMARK. The above result does not hold without the compactness as-
sumption, see Exercise (5) below.

15.2. Dolbeault theory

Let (M?™, h,J) be a compact Hermitian manifold. We consider the Dol-
beault operator J acting on the spaces of (p, g)-forms QP4 := T'(APM) C
QTN Let ZP9M denote the space of 0-closed (p, ¢)-forms. Since 0% =0,
we see that 9OP4~1M c ZP4M. We define the Dolbeault cohomology groups

ZPIN
oQra—1 M’
In contrast to de Rham cohomology, the Dolbeault cohomology is no longer a
topological invariant of the manifold, since it strongly depends on the complex
structure J.

We define the space HPYM of d-harmonic (p, q)-forms on M by
HPIM = {w e QPIM | APw = 0}.

HPAM =

As before we have:

~ LEMMA 15.6. A form w € QPIM is 0-harmonic if and only if Ow = 0 and
0*w = 0.

The proof is very similar to that of Lemma 15.1 and is left as an exercise.
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THEOREM 15.7. (Dolbeault decomposition theorem) The space of (p, q)-
forms decomposes as a direct sum
QPIN = HPIM @ §*QPIH I a 9P~ M.

PrOOF. Lemma 15.6 shows that the three spaces above are orthogonal
with respect to the global Hermitian product

(") ::/MH(.,.)dU

on QPIM. A proof for the hard part, which consists in showing that the
direct sum of the three summands is the whole space (2P4M, can be found in
3], pp. 84-100. O

Every (p, ¢)-form w on M can thus be uniquely written as
w= 0w + 0*w" + wh,
where w' € QPI7IM | W" € QPIHIM and w € HPIM. This is called the Dol-
beault decomposition of w. As before, the second summand in the Dolbeault

decomposition of w vanishes if and only if dw = 0. Specializing for ¢ = 0
yields:

PROPOSITION 15.8. A (p,0)-form on a compact Hermitian manifold is

holomorphic if and only if it is O-harmonic.

COROLLARY 15.9. (Dolbeault isomorphism) The map H*IM — HPIM
given by w — [w] is an isomorphism.

The proof is completely similar to the proof of the Hodge isomorphism.

We denote by h?? the complex dimension of HP?M. These are the Hodge
numbers associated to the complex structure J of M.

PROPOSITION 15.10. (Serre duality) The spaces HPIM and H™ ™~ 1M
are 1somorphic. In particular h?4 = hm=Pm=4,

PRroOF. Consider the composition of the Hodge *-operator with the com-
plex conjugation
x QPAN — QMmTPMTAN XW = kW.
We have
FN(w) = (90" + 0*0)w = (00" + 9w
= —%(0%0*+*x0%x0)0 = 0"0(¥w) — ¥*0 * 0w
— JOGFw)— 0% 0x2 0 = TIGFwW) + 00" (Fw) = A2(Fw).
This clearly shows that * is a (C-anti-linear) isomorphism from HPYM to
Hm—PmTa)] . OJ
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If M is Kahler, much more can be said about Hodge and Betti numbers,
due to Theorem 14.6. Firstly, the fact that A = 2A? shows that HP?M C
HP+IM . Secondly, since A? leaves the spaces QP9 invariant, we deduce that
A has the same property, thus proving that the components of a harmonic
form in its type decomposition are all harmonic. This gives the following
direct sum decomposition:

= P v

p+q=k

Moreover, as A? = %A is a real operator on Kéhler manifolds, it commutes

with the complex conjugation (in the general case we only have that A%q =
A%@) so the complex conjugation defines an isomorphism between the spaces
HPIM and H9P M. Consider now the Kéhler form Q € QY1 M. Since Q™ is a
non-zero multiple of the volume form, we deduce that all exterior powers QP €
QPP M are non-zero. Moreover, they are all harmonic since every exterior form
parallel with respect to the Levi-Civita covariant derivative is automatically
harmonic. Summarizing, we have proved the

PROPOSITION 15.11. In addition to Poincaré and Serre dualities, the fol-
lowing relations hold between Betti and Hodge numbers on compact Kahler
manifolds:

= > WY W =RTP. PP >1, VO<p<m, (15.1)
p+q=k

In particular (15.1) shows that all Betti numbers of odd order are even and
all Betti numbers of even order are non-zero.

15.3. Exercises

(1) Prove that the complex manifold S x S***1 carries no Kéhler metric
for k > 1. Hint: Use the formula for the Betti numbers of a product:

(M x N)= Y b,(M

pt+q=k

(2) The global i00-lemma. Let ¢ be an exact real (1,1)-form on a com-
pact Kahler manifold M. Prove that ¢ is id0-exact, in the sense that
there exists a real function u such that ¢ = i00u.

(3) Show that there exists no global Kéhler potential on a compact
Kéahler manifold.
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(4) Let (M, h, J) be a compact Kéahler manifold whose second Betti num-
ber is equal to 1. Show that if the scalar curvature of M is constant,
then the metric h is Einstein. Hint: Use formula (12.7).

(5) Consider the Kahler manifold M = (R?™, g, .J), where g and J are
the standard Euclidean and complex structure on R?™. For every
matrix A € Mo, (R) we define a vector field £4 on R?*™ by

&= Ag, vz € R*™.

Show that the local flow of &4 is given by ¢, = exp(tA). Deduce
that ¢4 is Killing if and only if A is skew-symmetric and &4 is real
holomorphic if and only if A commutes with j,, (defined in (7.1)).
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CHAPTER 16

Chern classes

16.1. Chern—Weil theory

The comprehensive theory of Chern classes can be found in [11], Ch. 12.
We will outline here the definition and properties of the first Chern class,
which is the only one needed in the sequel. The following proposition can be
taken as a definition:

PrRoOPOSITION 16.1. To every complex vector bundle E over a smooth
manifold M one can associate a cohomology class ¢i(E) € H*(M,Z) called
the first Chern class of E satisfying the following axioms:

e (Naturality) For every smooth map f : M — N and complex vector
bundle E over N, one has f*(c1(E)) = c1(f*E), where the left term
denotes the pull-back in cohomology and f*FE is the pull-back bundle
defined by f*E, = Ef(x), VrelM.

e (Whitney sum formula) For every bundles E,F over M one has
A(E®F) =ci(E)+ci(F), where E®F is the Whitney sum defined
as the pull-back of the bundle E x F' — M x M by the diagonal
wnclusion of M in M x M.

e (Normalization) The first Chern class of the tautological bundle of
CP! is equal to —1 in H*>(CP',Z) ~ 7Z, which means that the integral
over CP' of any representative of this class equals —1.

Let E — M be a complex vector bundle. We will now explain the Chern—
Weil theory, which allows one to express the images in real cohomology of
the Chern classes of E using the curvature of an arbitrary connection V on
E. Recall the formula (10.2) for the curvature of V:

k k k
RV(O'Z') = Z REO‘j = Z(dwij - Zwil A wlj)aj, (161)
j=1 j=1 =1
where {oy,...,0;} are local sections of £ which form a basis of each fibre
over some open set U and the connection forms w;; € A'(U) (relative to the
choice of this basis) are defined by

k
VO'l': E wij®aj.
j=1
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Notice that although the coefficients RZ- of RV depend on the local basis
of sections (o), its trace is a well-defined (complex-valued) 2-form on M,
independent of the chosen basis, and can be expressed as Tr(RY) = > RY in
the local basis (0;). To compute it explicitly, we use the following summation
trick:

k k k
E wit A\ wy; = E wi AN wy = — E wit N\ Wi,
=1 li=1 Q=1

where the first equality is given by interchanging the summation subscripts
and the second by the fact that the wedge product is skew-symmetric on
1-forms. From (16.1) we thus get

Te(RY) = d(>_ wi), (16.2)
where of course the trace of the connection form w = (w;;) does depend on
the local basis (0;). This shows that Tr(RY) is closed, being locally exact.

If V and ? are connections on F, the Leibniz rule shows that their dif-
ference A := V — V is a zero-order operator, more precisely a smooth section
of A'(M) ® End(E). Thus Tr(A) is a well-defined 1-form on M and (16.2)

readily implies
Tr(RY) = Tr(RY) + d(Tr(A)). (16.3)
We thus have proved the following:

LEMMA 16.2. The cohomology class [Tr(RY)] € H*(M,C) of the closed
2-form Tr(RY) does not depend on V.

It is actually easy to see that [Tr(RY)] is a purely imaginary class, in the
sense that it has a representative which is a purely imaginary 2-form. Indeed,
let us choose an arbitrary Hermitian structure A on E and take V such that
h is V-parallel. If we start with a local basis {o;} adapted to h, then we have

0 = V((Sw) = V(h(O'i,O'j)) = h(VO'i,O'j) + h(O'i, VO']')
= wij +Wji.

From (16.1) we get

k k
v N
Ry = dwij—g Cdil/\(«dlj—_dwji_g wyi N\ Wi
=1 =1

k

E \%
= —dwjz- + le A\ Wy = _Rji7

=1

showing that the trace of RV is a purely imaginary 2-form.
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THEOREM 16.3. Let V be a connection on a complex bundle E over M.
The real cohomology class

2m
is equal to the image of c1(E) in H*(M,R).

(V) = {iTr(RV)}

PrOOF. We have to check that ¢;(V) satisfies the three conditions in
Proposition 16.1. In order to prove the naturality, recall that if f : M — N
is smooth and 7 : £ — N is a rank k£ vector bundle, then

f(E)={(z,v) |ze M, ve E, fx)=mn(v)}.
If {0;} is a local basis of sections of E, then

froi: M — fX(E), @ (z,0i(f(2)))

is a basis of local sections of f*FE. The formula

V(ffo) = (Vo)

defines a connection on f*E (see Section 5.4), and with respect to the local
basis (f*0;), we obviously have

f*V _ px(pV
Ryt = fr(Ry),
whence ¢;(f*V) = f*(c1(V)).
The Whitney sum formula is also easy to check. If E and F' are complex

bunlees over M with connections V and V then one can define a connection
Vé&Von E®F by

(V@@)X(O@(}) = chf@@_x&.

If {0;}, {7;} are local bases of sections of E and F' then {o; ® 0,0 & 7;} is
a local basis for E @ F and the curvature of V @ V in this basis is a block
matrix having RV and RY on the principal diagonal. Its trace is thus the
sum of the traces of RV and RV.

We finally check the normalization property. Let L — CP! be the tauto-
logical bundle. For any section o : CP* — L of L we denote by o¢ : Uy — C
and o1 : Uy — C the expressions of ¢ in the standard local trivializations of
L, given by ¢; : 7 U; — U; x C, ¢;(w) = (7(w), w;).

The Hermitian product on C? induces a Hermitian structure h on L. Let V
be the Chern connection on L associated to h. We choose a local holomorphic
section ¢ and denote its square norm by w. If w is the connection form of V
with respect to the section o (i.e. Vo = w ® o), then for all X € TCP' we
can write:

Ox(u) = 0x(h(o,0)) = h(Vxo,0) + h(o,Vxo) = w(X)u+ @o(X)u.
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This just means w + @ = dlogu. On the other hand, since o is holomorphic
and V%! = 9, we see that w is a (1,0)-form. Thus w = dlogu. From (16.2)
we get

RY = dw = ddlogu = ddlogu. (16.4)

The normalization axiom is thus equivalent to the following relation:

i _
— d0logu = —1.

27T (CPI
It is sufficient to compute this integral over Uy := CP*\{[0 : 1]}. We denote by
z = ¢ = 21/2p the holomorphic coordinate on Uy. Consider the holomorphic
section o over Uy which satisfies 0y = 1. From the definition of oy (as the
image of ¢ through the trivialization 1 of L), we deduce that o(z) is the
unique vector lying on the complex line generated by (2, 21) in C?, whose
first coordinate is 1, i.e. o(z) = (1, 2). This shows that u = |(1,2)|? = 1+]z]%.
In polar coordinates z = 7 cosf + irsin 6 one can readily compute for every
function f(r,0):

0*f  10%f  of

0of = - <a2+ e ar>d A d6.

Applying this formula to f :=log(1 + r?) we finally get

i _ i 0*f Of
— 001 = — —|r—5+ = )dr ANdf
21 Jom OB 27 J10,00)x[0,27] 2( o " (97’) '

()
B 2 Jy or 2T—>oo (97‘

r 2r
ey —11 = —
r~w21+7’2

O

If M is an almost complex manifold, we define the first Chern class of
M — denoted by ¢;(M) — to be the first Chern class of the tangent bundle
TM, viewed as complex vector bundle:

(M) = ¢ (TM).

In Section 17.2 below, we will see that a representative of the first Chern class
of a Kéhler manifold is (1/27)p, where p denotes the Ricci form.

16.2. Properties of the first Chern class

Let M be a smooth manifold and let E, I’ be two complex vector bundles
over M.
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PROPOSITION 16.4. (i) ¢;(E) = ¢i(A*E), where k denotes the rank of E.
(i7) a1 (E® F) =rk(F)ey(E) + rk(E)c (F).
(1ii) c1(E*) = —c1(E), where E* denotes the dual of E.

PROOF. (i) Consider any connection V on E, inducing a connection V
on A*E. If 0q,...,04 denotes a local basis of sections of F, then o := o1 A
-++ A oy is a local non-vanishing section of A¥E. Let w := (w;;) and @ be the

connection forms of V and V relative to these local bases:
Vo, =w;; ® o; and Vo=0®o0.
We compute

Vo = V(o A---Aoy)

which proves that @ = Tr(w). From (16.1) we then get

Tr(RY)=RY =do— o AN@ =do
and
Tr(RY) = Z(dwij — Wik N\ wyj) = Z dw;j = dTr(w) = dw,
i=j i=j
thus proving that ¢;(E) = ¢;(A*E).
(77) Let us first assume that £ and F' are line bundles. Any connections

V¥ and V¥ on E and F respectively induce a connection V on £® F defined
by
V(e¥ @ ") = (VFe") @ o' + o @ (VI o).
The corresponding connection forms are then related by w = wf + w!', so
clearly RY = dw = d(w¥” +w") = RV" + RV".
In the general case, if e and f denote the ranks of ' and F', the canonical
isomorphism A®/(E ® F) = (A°E)®/ @ (A/F)®¢ together with (i) yields

(E®F) =ci(AY(E®F)) = fci(AE) + eci (M F) = fei(E) + ecy(F).

(ii7) Again, since (AFE)* is isomorphic to A¥(E*), we can suppose that
FE is a line bundle. But in this case the canonical isomorphism F ® E* ~ C
(where C denotes the trivial line bundle) shows that 0 = ¢;(C) = ¢;(EQE*) =
Cl(E) +01(E*) O
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16.3. Exercises
(1) Consider the change of variables z = r cosf + irsin f. Show that for
every function f: U C C — C, the following formula holds:
02 o°f 1 02 f of
= dr N db.
00f = < 52 + - - 02 o ) A

(2) Show that the first Chern class of the trivial bundle vanishes.

(3) Show that if £ is a complex line bundle, there is a canonical isomor-
phism F ® F* ~ C.

(4) Let V be any connection on a complex bundle E and let V* be the
induced connection on the dual E* of E defined by

(Vxo™)(o) :== 0x(c%(0)) — 0" (Vx0).
Show that
RV* (Xa Y) = _(RV(X7 Y))*7 (165)
where A* € End(E*) denotes the adjoint of A € End(FE), defined by
A*(0™)(0) := 0" (A(0)).



CHAPTER 17

The Ricci form of Kahler manifolds

17.1. Kahler metrics as geometric U,,-structures

We start with a short review on G-structures which will help us to char-
acterize Kahler and Ricci-flat Kahler metrics. Let M be an n-dimensional
manifold and let G be any closed subgroup of Gl,(R).

DEFINITION 17.1. A topological G-structure on M is a reduction of the
principal frame bundle GI(M) to G. A geometrical G-structure is given by
a topological G-structure G(M) together with a torsion-free connection on

G(M).

Let us give some examples. An orientation on M is a GI!(R)-structure.
An almost complex structure is a Gl,,,(C)-structure, for n = 2m. A Riemann-
ian metric is an O,,-structure. Recall (Proposition 4.7) that if the group G is
the stabilizer of an element ¢ of some representation p : Gl,(R) — End(V),
then a G-structure is simply a section o in the associated bundle GI(M) x, O,
where O denotes the Gl,(R)-orbit of & in V. By Theorem 5.16, the G-
structure is geometrical if and only if there exists a torsion-free linear con-
nection on M with respect to which o is parallel.

PROPOSITION 17.2. The U,,-structure defined by an almost complex struc-
ture J together with a Hermitian metric h on a manifold M is geometrical if
and only if the metric is Kdhler.

PrOOF. The point here is that if G is a closed subgroup of O, then
there exists at most one torsion-free connection on any G-structure (by the
uniqueness of the Levi-Civita connection). As U,, = O, N GL,(C), the
U,,-structure is geometrical if and only if the tensor defining it (namely J) is
parallel with respect to the Levi-Civita connection, which by Theorem 11.5
just means that A is Kahler. 0

17.2. The Ricci form as curvature form on the canonical bundle

We now turn back to our main objects of interest. Let (M?™ h,J) be
a Kihler manifold with Ricci form p and canonical bundle K := A™%M.
As before, we will interpret the tangent bundle TM as a complex (actually
holomorphic) Hermitian vector bundle over M, where the multiplication by

119
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1 corresponds to the tensor J and the Hermitian structure is A — i€2. From
Proposition 11.8 we know that the Levi-Civita connection V on M coincides
with the Chern connection on T'M.

LEMMA 17.3. The curvature operator RY € T'(A2M ® End(TM)) of the
Chern connection and the curvature tensor R of the Levi—Civita connection
are related by

RYy(§) = R(X,Y)E,

where X, Y are vector fields on M and & is a section of T'M.

PrOOF. The proof is a simple play with definitions. Let {e;} denote a
local basis of vector fields on M and let {e;} denote the dual local basis of
A'M. Then by (10.1)

2m 2m 2m
RVE=V¢=) V(e@V, &)= de;@Vel— > €] Nej @V, Vel
=1

i=1 ij=1

Denoting X; := €f(X) and Y; := €(Y) and using again the summation
convention on repeating subscripts we then obtain
RYy(§) = dej(X,Y)Ve & — (€] Ae))(X,Y )V, Ve &
= (Ox(Yi) = Ov(Xi) — €] ([X, Y]))Ve§ — (XiY) — XjY5)Ve, Ve
= —Vixyé+ (0x(Y:) — v (Xi))Ve,§ = XiVy Ve, £ + ViV Ve §
= —Vixyé—VyVx{+VxVyl=R(X,Y)S.

O

We are now ready to prove the following characterization of the Ricci form
p on Kéhler manifolds:

PROPOSITION 17.4. The curvature of the Chern connection of the canon-
ical line bundle 1s equal to ip acting by scalar multiplication.

PRrROOF. Since we will need to distinguish between complex and real traces
below, we will make this explicit by a superscript. We first fix some notations:
let r and 7* be the curvatures of the Chern connections of K := A™M and
K* := A>"M. We have proved in an exercise (see (16.5)) that they are
related by » = —r*. The Hermitian structure H on T'M induces a Hermitian
structure, also denoted by H, on its maximal exterior power A”(T'M), and
the connection on A™(7T'M) induced by the Chern connection of (T'M, H) is
clearly the Chern connection of (A™(T'M), H). Since A™(T'M) is isomorphic
to K*, the proof of Proposition 16.4 together with Lemma 17.3 yields

r(X,Y) = Tr(RY(X,Y)) = Tr(RY(X,Y)).
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By Proposition 12.2 we then obtain
ip(X,Y) = iRic(JX,Y) = %TrR(Rg(X, Y)oJ)

- %(QiTr(C(Rg(X, Y))) = —~TrS(RY(X,Y))
= —r(X)Y)=r(X)Y),
where we used the fact that
TrR (AR 0 J) = 2/ (A)

for every skew-Hermitian endomorphism A. U

17.3. Ricci-flat Kahler manifolds

Let (M?™ h,J) be a Kahler manifold with canonical bundle K (endowed
with the Hermitian structure induced from the Ké&hler metric on T'M) and
Ricci form p. We suppose, for simplicity, that M is simply connected.

THEOREM 17.5. The five statements below are equivalent:

(1) M is Ricci-flat.

(2) The Chern connection of the canonical bundle K is flat.

(3) There exists a V-parallel complex volume form, that is, a parallel
section of A™OM .

(4) M has a geometrical SU,,-structure.

(5) The Riemannian holonomy group of M is a subgroup of SU,,.

If M is not simply connected, one has to replace M by “simply connected
neighbourhoods of every point in M” in statements (3) and (4), and the
Riemannian holonomy group by “restricted Riemannian holonomy group” in
the last statement.

PROOF. (1) <= (2) is a direct consequence of Proposition 17.4.

(2) <= (3) follows from the general principle that a connection on a line
bundle is flat if and only if there exists a parallel section (globally defined if
m (M) = 0, and locally defined otherwise).

(3) <= (4). The special unitary group SU,, can be defined as the stabi-
lizer of a vector in the canonical representation of U,, on A™°C. By Theorem
5.16, there exists a parallel section in A™°M if and only if the geometri-
cal U,,-structure defined by the Kahler metric can be further reduced to a
geometrical SU,,-structure.

(4) = (5). If G(M) is a G-structure, the holonomy of a connection in
G(M) is contained in G. Now, if M has a geometrical SU,,-structure, the
torsion-free connection defining it is just the Levi—Civita connection, therefore
the Riemannian holonomy group is a subgroup of SU,,.
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(5) = (4). Corollary 5.15 shows that for every fixed frame u, the Levi—
Civita connection can be restricted to the holonomy bundle P(u) (which is a
Hol(u)-principal bundle). Thus, if the Riemannian holonomy Hol(M) of M is
a subgroup of SU,,, we get a geometrical SU,,-structure simply by extending
the holonomy bundle to SU,,. O

Notice that by Theorem 16.3 and Proposition 17.4, for a given Kéhler
manifold (M, h, J), the vanishing of the first Chern class of (M, J) is a neces-
sary condition for the existence of a Ricci-flat K&hler metric on M compatible
with J. The converse statement is also true if M is compact, and will be
treated in the next chapter.

17.4. Exercises

(1) Let G be a closed subgroup of Gl,(R) containing SO,,. Show that
every GG-structure is geometrical.

(2) Let M™ be a connected differentiable manifold. Prove that M is
orientable if and only if its frame bundle Gl,, (M) is not connected.

(3) Show that a U,,-structure on M defines an almost complex structure
together with a Hermitian metric.

(4) Show that a geometrical Gl,,(C)-structure is the same as an inte-
grable almost complex structure. Hint: Start with a torsion-free
connection V and consider the connection V defined by VY :=
VxY —AxY, where AxY = i(QJ(ij)Y—l-(VJyj)X+J(VyJ)X)
Use the proof of Lemma 11.4 to check that A is symmetric if and
only if J is integrable.

(5) Let A be a skew-Hermitian endomorphism of C™ and let A® be the
corresponding real endomorphism of R?*™. Show that

T (A% o J) = 2iTY"(A).

(6) The special unitary group SU,, is usually defined as the subgroup of
U, C Gl,,(C) consisting of complex unitary matrices of determinant
1. Prove that SU,, is equal to the stabilizer in U,, of the form
dzy N - N dzy,.

(7) Let (L,h) be a complex line bundle with Hermitian structure over
some smooth manifold M. Prove that the space of Hermitian connec-
tions is an affine space over the real vector space Q! M. Equivalently,
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there is a free transitive group action of Q'M on the space of Her-
mitian connections on L.

(8) If L is a complex line bundle over M, show that every real closed
2-form in the cohomology class ¢;(L) € H*(M,R) is i/27 times the
curvature of some connection on L.






CHAPTER 18

The Calabi—Yau theorem

18.1. An overview

We have seen that the first Chern class of any compact Kéahler manifold
is represented by (1/27)p. Conversely, we have the following famous result
conjectured in the 1950s by Calabi and proved two decades later by Yau:

THEOREM 18.1. (Calabi, Yau) Let M™ be a compact Kdhler manifold
with Kdhler form Q2 and Ricci form p. Then for every closed real (1,1)-form
p1 in the cohomology class 2mey (M), there exists a unique Kdhler metric with
Kdhler form €y in the same cohomology class as §2, whose Ricci form is
exactly p1. In particular, if the first Chern class of a compact Kdihler manifold
vanishes, then M carries a Ricci-flat Kahler metric.

The first step in the proof of Theorem 18.1 is to reformulate the problem
in order to reduce it to a so-called Monge—Ampére equation. Let us denote by
IC the set of Kahler metrics in the same cohomology class as €2. The global
i00-lemma (Exercise (2), Chapter 15) shows that

K= {uGCOO(M) | Q +i00u > 0, / uszo}, (18.1)
M

where a real (1,1)-form ¢ is called positive if the symmetric tensor ¢(-, J-)
is positive definite (the last condition is needed since u would otherwise be
defined only up to a constant).

Now, if g and ¢; are Kahler metrics with Kahler forms 2 and ; in the
same cohomology class, we denote by dv := (1/m!)Q™ and dv; := (1/m!)Qy
their volume forms and consider the real function f defined by e/ dv = dv;.
Since [Q2] =[] we also have [Q™] = [Q]"], so by the Stokes theorem,

/Mede:/Mdv. (18.2)

Let p and p; denote the corresponding Ricci forms. Since ip is the curvature
of the canonical bundle K,;, for every local holomorphic section w of K,; we
have

ip = 00log g(w, @) and ipy = 00log g1 (w, ®). (18.3)
125
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It is easy to check that the Hodge *-operator acts on A™° simply by scalar

multiplication with e := im(—l)w. We thus have
EwAw=wA*w = g(w,w)dv (18.4)
and similarly
ewA@ = g (w,@)dv; = ef g (w, @)dv. (18.5)
From (18.3)-(18.5) we get
ipy —ip = O0f. (18.6)

This shows that the Ricci form of the Kahler metric Q; = Q + i9du can be
computed by the formula
(Q + i0du)™
Qm '
Now given closed real (1,1)-form p; in the cohomology class 2mcq (M), the
global i90-lemma (Exercise (2), Chapter 15) shows that there exists some
real function f such that p; = p —i00f. Moreover, f is unique if we impose
the normalization condition (18.2). We denote by K’ the space of smooth
functions on M satisfying this condition. Theorem 18.1 can thus be reformu-
lated as follows:

THEOREM 18.2. The mapping Cal : I — K' defined by
(Q 4 i00u)™
Qm

pL = p — i00f, where f = log (18.7)

Cal(u) = log
s a diffeomorphism.

We first show that Cal is injective. It is clearly enough to show that
Cal(u) = 0 and v € K implies u = 0. If Cal(u) = 0 we have Q" = Q™, and
since 2-forms commute we obtain

m—1
0=0QF — Q" =iddun Y Qf AQm
k=0
Using the formula 2i00 = dd® and the fact that Q and €, are closed forms
we get after multiplication by u
m—1 m—1

0 = 2uddundy UAQF ! =uddun) QF AQmH
k=0 k=0

m—1 m—1

= d<udcu A QA Qm—k—1> —duAduny Qf AQrTEL
k=0 k=0
Integrating over M and using the Stokes theorem yields

m—1
0=">" /M du A Jdu A QF A QTR (18.8)
k=0
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Now, since §2; defines a Kahler metric, the tangent bundle of M carries a
local basis {e1, Jey,. .., en, Je,} orthonormal with respect to g such that

m m
Q:ZejAJej and 0 :Zajej/\Jej,
=1 j=1

where a; are strictly positive local functions. One then gets for every k
m
QFAQT R = () the; A Jey),
j=1

for some strictly positive b;?. In fact one can compute explicitly

V=km—k-1D! > a;...q.
TF Ty Jk 7T
<<k
This shows that the integrand in (18.8) is strictly positive unless du = 0.
Thus u is a constant, so © = 0 because the integral of udv over M vanishes.
Therefore Cal is injective.

To prove that it is a local diffeomorphism, we compute its differential at
some u € K. By changing the reference metric if necessary, we may suppose
without loss of generality that u = 0. For v € ToKC we compute

d

B _d (Q + i00tv)™

Cal,(v) = o tZO(C’al(tv)) =2l log ( o )
AP m—1 _

= mM = A(i00v) = —0* v = —A%.

Qm
From the general elliptic theory we know that the Laplace operator is a bijec-
tion of the space of functions with zero integral over M. Thus Cal, is bijective,
so the Inverse Function Theorem shows that Cal is a local diffeomorphism.

The surjectivity of C'al, which is the hard part of the theorem, follows
from a priori estimates, which show that Cal is proper. We refer the reader
to [7], pp. 98-120 for details.

18.2. Exercises

(1) Show that *w = ™m*2y for all (m,0)-forms w € A™°M of an
almost Hermitian manifold (M>?™, h,J).

(2) Prove that the mapping
u— Q +i00u

is indeed a bijection from the set defined in (18.1) to the set of Kéahler
metrics with Kéhler form in the cohomology class [©2].
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(3) Prove that the total volume of a Ké&hler metric on a compact manifold
depends on only the cohomology class of its Kéahler form.

(4) Show that *(Q™~1) = (m—1)!Q on every almost Hermitian manifold
M of complex dimension m. Using this, prove that if (M, g, J) is
Kahler, then 2p A Q™! = (m — 1)!S dv, where p denotes the Ricci
form and S is the scalar curvature of g.

(5) Let (M?™,J) be a compact complex manifold. Show that the integral
over M of the scalar curvature of a Kéhler metric depends on only the
cohomology class of its Kéhler form €2 and on ¢;(M). More precisely
one has

47 me1
/M Sdv = (m—_l)!cl(M) U™ .



CHAPTER 19

Kahler—Einstein metrics

19.1. The Aubin—Yau theorem

We turn our attention to compact Kéhler manifolds (M, g) satisfying the
Einstein condition

Ric = Ag, AeR.

We will exclude the case A = 0 which was discussed in the previous chapter.
If we rescale the metric by a positive constant, the curvature tensor does not
change, so neither does the Ricci tensor, which was defined as a trace. This
shows that we may suppose that A = ¢ = £1. The Kéahler—Einstein condition
reads

p =€, e==+l1.

As the first Chern class of M is represented by p/2m, we see that a necessary
condition for the existence of a Kdhler—Einstein manifold on a given compact
Kéhler manifold is that its first Chern class is definite (positive or negative), in
the sense that it has a positive or negative (1, 1) representative (see Definition
21.1 below). In the negative case, this condition turns out to be also sufficient:

THEOREM 19.1. (Aubin, Yau) A compact complex manifold with nega-
tive first Chern class admits a unique Kdhler—Einstein metric with Einstein
constant € = —1.

We will treat simultaneously the two cases € = 41, in order to emphasize
the difficulties that show up in the case ¢ = 1.

As before, we first reformulate the problem. Let (M?*™ J) be a com-
pact complex manifold with definite first Chern class ¢;(M). By definition,
there exists a positive closed (1, 1)-form 2 representing the cohomology class
2recy(M). Let g := Q(-, J-) be the Kéhler metric defined by €2, and let p
denote its Ricci form. Then [Q2] = 27ec; (M) = [gp], so the global i00-lemma
shows that there exists some function f with

p=¢eQ+i00f. (19.1)

We are looking for a new Kéhler metric g; with Kéahler form §2; and Ricci
form p; such that p; = €Q;. Suppose we have such a metric. From our choice

129
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for Q2 we have
27 = ec1 (M) = [2mepy| = 27 ].

From this equation and the global iaé—lemn_la it is clear that there exists a
unique function v € K such that €y = Q+4i900u. Now the previously obtained
formula (18.7) for the Ricci form of the new metric reads

p1 = p —i00log (Q‘i‘éﬂ (19.2)
Using (19.1) and (19.2), the Kédhler-Einstein condition for g; becomes
eQ +i00f —i00log %ﬂ = ey, (19.3)
which is equivalent to
log (Q—i_éﬂ +eu = f + const. (19.4)

Conversely, if u € C(M) satisfies this equation, then the Kéhler metric
Q1 := Q + i00u is Kihler-Einstein (we denote by C3*(M) the space of all
smooth functions v on M such that Q+i0du > 0). The Aubin—Yau theorem
is therefore equivalent to the fact that the mapping

Cal® : C¥ (M) — C*(M), Cal®(u) := Cal(u) + cu
is a diffeomorphism.

The injectivity of Cal™ can be proved as follows. Suppose that C'al™(u;) =
Cal™ (ug) and denote € := Q 4+ i00u; and Qs :=  + i00uy. Then
logQ—:n —up = logQ—il — U,

hence, denoting the difference uy — uy by w:

Qy +i00u)™
log ST 00w _ (19.5)
ar
At a point where u attains its maximum, the (1,1)-form i0du is negative
semi-definite, since we can write (for any vector X parallel at that point)
1
5
1
= 5(H“(X,X) + HY(JX,JX)) <0,

i00u(X, JX) — ddcu)(X,JX):%(8X(dcu(JX))—a]x(dcu(X)))

the Hessian H" of u being of course negative semi-definite at a point where u
reaches its maximum. Taking into account (19.5) we see that u < 0 at each
of its maximum points, so v < 0 on M. Similarly, u > 0 at each minimum
point, so finally u = 0 on M, thus proving the injectivity of C'al™.
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We have already computed the differential of C'al at v = 0 applied to
some v € ToCL(M):

Cal,(v) = —A%.
Consequently
Cal; (v) = —v — A%
is a bijection of C>°(M) since the self-adjoint elliptic operator v — %Av + v

has obviously no kernel and its index is zero. Of course, this argument fails
for Cal™.

As before, the surjectivity of C'al™ is harder to prove and requires non-
trivial analysis (see [1], p. 329).

19.2. Holomorphic vector fields on Kahler—Einstein manifolds

Let (M?™ g, J) be a compact Kihler manifold. We start by showing the
following:

LEMMA 19.2. Let & be a holomorphic (real) vector field with dual 1-form
also denoted by &. Then & can be decomposed in a unique manner as

E=df +d°h+¢",

where f and h are functions with vanishing integral and £ is the harmonic
part of & in the usual Hodge decomposition.

PRrROOF. Since ¢ is holomorphic we have L¢J = 0, so [£, JX] = J[{, X] for
every vector field X. Thus V ;x& = JVx&, so taking the scalar product with
some vector field JY and skew-symmetrizing yields d¢(JX, JY) = d§(X,Y),
i.e. d¢ is of type (1,1). The global dd®-lemma shows that d¢ = dd°h for some
function h. The form & — d°h is closed, so the Hodge decomposition theorem
yields

§—dh=df +&
for some function f and some harmonic 1-form &,. Comparing this formula
with the Hodge decomposition of £ and using the fact that harmonic 1-forms
are L?-orthogonal to dC>(M), d°C>(M) and §Q?*(M), shows that &, equals
&9 the harmonic part of £. Finally, the uniqueness of f and h follows easily
from the normalization condition, together with the fact that dC>(M) and
d°C>®(M) are L*-orthogonal. O

Next, we have the following characterization of real holomorphic and
Killing vector fields on compact Kéahler—Einstein manifolds with positive
scalar curvature.

LEMMA 19.3. A wvector field £ (resp. () on a compact Kihler—Einstein
manifold M*™ with positive scalar curvature S is Killing (resp. holomorphic)
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if and only if & = Jdh (resp. ¢ = df + d°h) where h (resp. f and h) are

eigenfunctions of the Laplace operator corresponding to the eigenvalue S/m.

PROOF. Since (M, g) is Einstein, the Ricci tensor of M, viewed as a field of
endomorphisms via the metric g satisfies Ric(X) = (S/2m)X for every vector
X. Let & be a vector field on M. If we view as usual T'M as a holomorphic
vector bundle, then the Weitzenbdck formula (see (20.10) below) yields

_ S
20706 = V'VE+ipl = V*'VE — Ric(§) = V'VE — %5. (19.6)
The Bochner formula (Exercise (3) in the next chapter) reads
S
A¢ = V*VE + Ric(§) = VVE+ %5. (19.7)

Since S > 0, this shows that there are no harmonic 1-forms on M.

Suppose that ( is holomorphic. From Lemma 19.2, ( can be written
as a sum ( = df + d°h, where f and h have vanishing integrals over M.
Now, subtracting (19.6) from (19.7) yields A¢ = (S/m)(, so A(df + d°h) =
d((S/m)f) + d°((S/m)h), and since A commutes with d and d°, and the
images of d and d° are L*-orthogonal, this yields Af = (S/m)f + ¢; and
Ah = (S/m)h+ cy. Finally the constants ¢; and ¢, have to vanish because of
the normalization condition.

If € is a Killing vector field, then it is in particular holomorphic by Propo-
sition 15.5. The previous argument shows that & = df 4+ d°h for some eigen-
functions f, h of A. The codifferential of every Killing vector field vanishes,
and moreover § anti-commutes with d°. Thus 0 = §§ = ddf, showing that
df =0, so & =d°h with Ah = (S/m)h.

Conversely, suppose that £ = df+d°h and f and h are eigenfunctions of the
Laplace operator corresponding to the eigenvalue S/m. Then A¢ = (S/m)¢,
so from (19.7) we get

S S

—&=V'VE+ —¢&.

m 2m
Then (19.6) shows that ¢ is holomorphic.

If moreover df = 0, we have
L =d(E2Q)+E3dQ=d(JE) = —ddh =0,
where 2 is the Kahler form of M. Together with L¢J = 0, this shows that
Leg =0, so € is Killing. ([l
We are now ready to prove the following result of Matsushima:

THEOREM 19.4. The Lie algebra g(M) of Killing vector fields on a com-
pact Kahler—Einstein manifold M with positive scalar curvature is a real form
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of the Lie algebra h(M) of (real) holomorphic vector fields on M. In particu-
lar h(M) is reductive, i.e. it is the direct sum of its centre and a semi-simple
Lie algebra.

PROOF. Let F : g(M)®C — h(M) be the linear map given by F({+i() :=
&+ J(. Since J maps holomorphic vector fields to holomorphic vector fields,
F' is well-defined. The two lemmas above clearly show that F' is a vector
space isomorphism. Moreover, F' is a Lie algebra morphism because Killing
vector fields are holomorphic:

F([§+1iC, & +1iG]) [§:&] = (6 Q]+ J(E Q] + 65 &)
(€, &) + J2[C, G + [JE, G + [JC, &)
= &I+ I TG+ [T Gl + [IE &)
[F(€ 4 iC), F(& +iG1)]-
The last statement of the theorem follows from the fact that the isometry
group of M is compact, and every Lie algebra of compact type, as well as its
complexification, is reductive. ([l

There exist compact Kéhler manifolds with positive first Chern class
whose Lie algebra of holomorphic vector fields is not reductive, like for in-
stance the blow-up of CP? at one point (see [1], p. 331). Therefore such
manifolds carry no Kahler—Einstein metrics, showing that Theorem 19.1 can
not hold in the positive case.

The Matsushima theorem was generalized to constant scalar curvature
Kéhler metrics by Lichnerowicz and to extremal Kahler metrics by Calabi.
Details can be found in the recent monograph [2] by P. Gauduchon, which
contains a very up to date state of research in this field.

19.3. Exercises

(1) Let n be the dual 1-form to a Killing vector field. Show that the
codifferential of n vanishes.

(2) With the previous notations, show that if dn = 0 then ¢ is parallel
with respect to the Levi-Civita connection.

(3) Let & be a Killing vector field on a compact Kéahler manifold (M, g, J)
such that J¢ is also Killing. Prove that £ is then parallel with respect
to the Levi-Civita connection. Hint: Compute the Lie derivative
of the Kahler form with respect to J¢ using the Cartan formula
(Theorem 3.3) and apply the previous exercise, taking into account
Proposition 15.5.
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(4) Prove that every Killing vector field on a compact Kéhler—Einstein
manifold with positive scalar curvature has at least two zeros.



CHAPTER 20

Weitzenbock techniques

20.1. The Weitzenbock formula

The aim of the next chapters is to derive vanishing results under certain
positivity assumptions on the curvature using Weitzenbock techniques.

The general principle is the following: let (F,h) — M be some holo-
morphic Hermitian bundle over a compact Kahler manifold (M?*™, g, J), with
holomorphic structure denoted 0 : QP4(E) — QP4*1(E) and Chern connec-
tion denoted V : OP4(E) — T'(ALM @ AP4(E)). If §* and V* are the formal
adjoints of O and V, it turns out that the difference of the differential oper-
ators of order two V*V and 2(9*0 + 90*) acting on QP9(E) is a zero-order
operator, depending only on the curvature of the Chern connection:

2(0°0 + 00*) = V*V + R, (20.1)
where R is a section of End(AP4(FE)). If R is a positive operator on AP°(FE),
then every holomorphic section of AP?(E) is V-parallel, and if R is strictly
positive on AP°(E), then E has no holomorphic section. This follows by apply-
ing (20.1) to some holomorphic section o of AP?(E), taking the scalar product

with o and integrating over M, using the fact that 0* vanishes identically on
OPOY(E).

We start with the following technical lemma:

LEMMA 20.1. If{e;} is a local orthonormal basis in T'M (identified via the
metric g with a local orthonormal basis of A'M), and V denotes the Chern
connection of E, as well as its extension to AP1(E) = APYM ® E using the

Levi—Civita connection on the left hand side of this tensor product, then 0,
0*, V*and V*V are given locally by

J: rE) — PN (E),  do = %(ej CiJe) AV (o), (20.2)

g Pa(E) - QPUYE),  §0 = —%(ej +ide) Ve (o),  (203)

V* : D(AtM @ APY(E)) — QPY(E), Vi w® o) = (dw)o — V,o, (20.4)
V*V : QPUE) — QPI(E), V'Vo =Vy, 0 -V, V0. (20.5)

Notice that here, as well as in the next two chapters, we use again the
summation convention on repeating subscripts.

135
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PROOF. If (E, h¥) and (F,h") are Hermitian bundles, their tensor prod-
uct inherits a natural Hermitian structure given by
hEOE (6F @ ol ¥ @ s'') := hE (o, s¥)hE (oF, sT).
The Hermitian structure on AP4(FE) with respect to which one defines the
adjoint operators above, is obtained in this way from the Hermitian structure
h of E and the Hermitian structure H of APYM given by (14.11). By a slight
abuse of notation, we will use the same symbol H for this Hermitian structure

on API(E).

The relation (20.2) is more or less tautological, using the definition of O
and the fact that e; —iJe; is a (1, 0)-vector, identified via the metric g with
a (0,1)-form. Of course, the wedge product there only concerns the APZN
part of o.

For o0 € (E) and s € QP4 1(F) we define the 1-form « by

1

alX) = §H((X +iJX) Jo,s).

By choosing the local basis {e;} parallel at a point for simplicity, we get at
that point:

1 1
—da = ej(ale)) = §H((ej +iJe;) aVe,0,5) + §H((6j +iJe;) 10, Ve,;s)

1 1
= QH((GJ + iJ@j) 4 ve].O', S) + 5H<0-7 <€j - iJej) A Ve].s)

1
= QH((ej +iJe;) aVe,0,5) + H(o,0s).
Lemma 14.3 thus shows that the operator —3(e; +iJej) 3V, is the formal
adjoint of 0.

The proof of (20.4) is similar: for w ® ¢ € T(ALM ® AP9(E)) and s €
OP4(E) we define the 1-form « by

a(X) = H(w(X))o, s)
and compute
ba = ej(ales)) = —H((w)0,8) + H((@(e;))Ve,0,8) + H((w(e))a, Veys)
= H(V,0— (bw)o,s)+ Hw®o,Vs),

whence V*(w ® 0) = (dw)o — V0.

Finally, we apply (20.4) to some section Vo = e;® V. o of AtM @ AP(E)
and get

V*'Vo = (6¢;)Ve,0 =V, Ve,0=—g(er,Ve,e;)Ve,0 =V, Ve 0o
= 9(Veeer, €j)Ve,0 =V Ve 0 = V9.0 = Ve, Ve,0.
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We are now ready for the main result of this section:

THEOREM 20.2. Let (E,h) — (M?™,g,J) be a holomorphic Hermitian
bundle over a Kahler manifold M. For vectors X,Y € TM, let R(X, Y) €
End(AP9(E)) be the curvature operator of the tensor product connection on
AP9(E) induced by the Levi—Civita connection of AP4M and the Chern con-
nection of E. Then the following formula holds

2(0°0 + 00*) = V*V + R, (20.6)
where R is the section of End(AP(E)) defined by
T~ 1 -

R(o) = §R(Jej, e;)o — §(ej —iJe;) A (ex +iJer) 5 (R(ej,ex)o).  (20.7)

PROOF. The proof is a simple computation in a local orthonormal frame
parallel at a point, using Lemma 20.1, (20.2), (20.3), and (20.5):

= 1
200 = —5 ((ek + ’LJGk) _ Vek((ej — iJej) VAN Vej))
1
= -3 ((ek +iJer) a((ej —iJej) A vekvej)>

= —(g(ex,e;) +ig(Jew,e;))Ve, Ve,

1
+= <<6j — Z.Jej) N (Ek + ZJ@k) JVekVe].)

2
= V'V —ig(Jey,e;)Ve, Ve,
1
+§ <<€j — iJ@j) N (ek + zJek) J Vejvek)
1 -
—i—§ <(ej —iJej) A (ex +iJey) o R(e, ej))
i .
= V'V - §g(=]€k, ej) Riex, e;)
1
+§ ((6]‘ — iJ@j) A Vej((ek + Zjek) | Vek))

2
= V'V — 200" + R.

43 <<ej —ide;) A (ep + ier) o Rier, ej))

20.2. Vanishing results on Kahler manifolds

Most of the applications will concern the case ¢ = 0. The expression of
the curvature term becomes then particularly simple, since the last term in
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(20.7) automatically vanishes. Let p® denote the action of the Ricci-form of
M on APP given by

pPw = ples) Aejaw,

where p is regarded here as skew-symmetric endomorphism of T'M by the
usual formula g(p(X),Y) = p(X,Y). This action preserves the space AP

PROPOSITION 20.3. If ¢ = 0, for every section w @ & of AP°(E) we have
2090w @ €) = V*V(w® €) +i(pPw) ® € + %w ® RE(Jej, )€, (20.8)
where RY is the curvature of E.

PROOF. The curvature R of AP°(E) decomposes in a sum
RX,Y)(w®§&) = (R(X,Y)w) ® & +w @ R(X,Y)(€), (20.9)

where R is the Riemannian curvature. It is an easy exercise to check that the
Riemannian curvature operator acts on forms by

R(X,Y)(w) = R(X,Y)ex A (e aw).

From Proposition 12.2(7) we have 2p = R(Je;, e;) as endomorphisms of the
tangent space of M. Therefore (20.8) follows from Theorem 20.2 and (20.9).
U

We now apply this proposition to obtain several vanishing results.

THEOREM 20.4. Let M be a compact Kahler manifold. If the Ricci curva-
ture of M is negative definite (i.e. Ric(X, X) < 0 for all non-zero X € TM)
then M carries no holomorphic vector field.

PROOF. Let us take p = 0 and E = T%°M in Proposition 20.3. If £ is a
holomorphic vector field, we have

0 = 20706 = V*VE + %R(Jej, ;)¢ = V*VE +ip(€). (20.10)

Taking the (Hermitian) scalar product with £ in this formula and integrating
over M, using the fact that p§ = Ric(J€) = iRic(€) yields

O:/ H(V*V¢ — Ric(§), &)dv —/ |VE|? — H(Ric(€), €)dv.
M
Thus, if Ric is negative definite, £ has to vanish identically. ([l

THEOREM 20.5. Let M be a compact Kdhler manifold. If the Ricci cur-
vature of M wvanishes, then every holomorphic form is parallel. If the Ricci
curvature of M s positive definite, then there exist no holomorphic (p,0)-
forms on M for p > 0.
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PRrROOF. We take F to be trivial and apply (20.8) to some holomorphic
(p, 0)-form w. Since p = 0 we get 0 = V*Vw. Taking the Hermitian product
with w and integrating over M yields the result.

Suppose now that Ric is positive definite. From (20.8) applied to some
holomorphic (p, 0)-form w we get

0=V*'Vw +ip?(w). (20.11)

The interior product of a (0, 1)-vector and w vanishes, so JX jw =X Jw for
all X € TM. We thus get

ip®P (W) = iplej) Nejaw=ip(Je;) AJejsw=—p(Je;) Aejaw
= Ric(ej) Nejuw.

Since Ric is positive, the endomorphism induced on (p,0)-forms by w
Ric(e;) A (e; sw) is positive too, hence taking the Hermitian product with w
in (20.11) and integrating over M yields

/ |Vw|? + H(Ric(w),w)dv = 0,
M

showing that w has to vanish. 0

20.3. Exercises

(1) Let A be a positive definite symmetric endomorphism of 7M. Show
that its extension to APM ®@ C defined by w +— A(e;) A (e; sw) is
positive definite as well.

(2) Prove the following real version of the Weitzenbdck formula:
Aw =V*Vw + Ruw, VweQPM,
where R is the endomorphism of QP M defined by
R(w) :== —e;j Neg 1 (R(ej, ex)(w)).
(3) Applying the above identity to 1-forms, prove the Bochner formula
Aw = V*Vw + Ric(w), Vwe QM.

(4) Prove that there are no global holomorphic forms on the complex
projective space.






CHAPTER 21

The Hirzebruch—Riemann—Roch formula

21.1. Positive line bundles

In order to state another application of the Weitzenbock formula we have
to make the following:

DEFINITION 21.1. A real (1,1)-form ¢ on a complex manifold (M, g, J)
is called positive (resp. negative) if the symmetric tensor ¢(-, J-) is positive
(resp. negative) definite. A cohomology class in H"'(M)NH?*(M,R) is called
positive (resp. negative) if it can be represented by a positive (resp. megative)
(1,1)-form. A holomorphic line bundle L over a compact complex manifold
is called positive (resp. negative) if there exists a Hermitian structure on L
with Chern connection V and curvature form RY such that iRV is a positive
(resp. megative) (1,1)-form.

The positivity of a holomorphic line bundle is a cohomological property:

LEMMA 21.2. A holomorphic line bundle L over a compact complex man-
ifold M s positive if and only if its first Chern class is positive.

PROOF. One direction is clear from the definition. Suppose, conversely,
that c¢;(L) is positive. That means that there exists a positive (1, 1)-form w
and a Hermitian structure A on L whose Chern connection V has curvature
RY such that [iRV] = [w] (the factor 27 can obviously be skipped). From the
global i00-lemma, there exists a real function u such that iRV = w+id0du. We
now use the formula (16.4) which gives the curvature of the Chern connection
in terms of the square norm of an arbitrary local holomorphic section o:

RY = —00log (o, ).

The curvature of the Chern connection V associated to h := he" thus satisfies
for every local holomorphic section o:

iRY = —i0d(log h(o,0)) = —idd(log h(, ) — i00u = iRY — i00u = w,
showing that L is positive. 0

In order to get a feeling for this notion, notice that the Kéahler form of a
Kéhler manifold is positive, as well as the Ricci form of a Kahler manifold
with positive Ricci tensor. From Proposition 17.4 we know that the canonical

141
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bundle K of a Kahler manifold has curvature ip. In particular, if the Ricci
tensor is positive definite, K is a negative line bundle.

THEOREM 21.3. A negative holomorphic line bundle L over a compact
Kahler manifold has no non-vanishing holomorphic section.

PrRoOOF. Consider a Hermitian structure on L with Chern connection V,
such that iRV is negative. Taking p = 0 and E = L in (20.8) shows that
every holomorphic section £ of F satisfies

0 = 259 = V*V¢ + %RV(Jej, 3 (21.1)

By hypothesis we have iRY(X,Y) = A(JX,Y), with A negative definite.

Thus
1

i 1
§RV(J€J'7 ¢j) = —5Alej e5) = —5Ta(4)
is a strictly positive function on M. Consequently, taking the Hermitian

product with £ in (21.1) and integrating over M shows that £ has to vanish.
OJ

This result is consistent with our previous calculations on CP™. Since the
Fubini—Study metric has positive Einstein constant, the canonical bundle of
CP™ is negative. By Proposition 9.4, the tautological line bundle of CP™ is
negative too. On the other hand, we already noticed (Exercise (3) in Chapter
9) that the tautological bundle has no holomorphic section.

21.2. The Hirzebruch—Riemann—Roch formula

Let £ — M be a holomorphic vector bundle over some compact complex
manifold M?™. We denote as before by Q%*(E) := I'(A**M ® E) the space
of E-valued (0, k)-forms on M. Consider the following elliptic complex

0%(E) 9, Q"Y(E) 9 ... 9 QO™ (E). (21.2)

We define the cohomology groups

K cQY(E QB
HYM,E) = er(d ° (E) — (£))
o(Q-1(E))
By analogy with the usual (untwisted) case, we denote

HPU(M,E) = HY(M,\"'M ® E).

For every Hermitian structure on £/ and Hermitian metric on M, we consider
the formal adjoint 0* of 0, and define the space of harmonic E-valued (0, q)-
forms on M by

HIE) :={w € Q"(E) | 0w =0, 0*w = 0}.
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The analogue of the Dolbeault decomposition theorem holds true in this case
and as a corollary we have:

THEOREM 21.4. For every Hermitian bundle E on a compact Hermitian
manifold M, the cohomology groups H1(M, E) are isomorphic with the spaces
of harmonic E-valued (0, q)-forms:

HY(M,E) ~HYE).

The elliptic complex (21.2) can be encoded in a single elliptic first order
differential operator

J+ o Qo,even(E> - Qo,odd<E).

The index of the elliptic complex (21.2) is defined to be the index of this
elliptic operator:

Ind(0 + 9*) := dim(Ker(d + 9*)) — dim(Coker(d + 9%)).
The holomorphic Euler characteristic Z(M, E') is defined by

E(M,E):=Y (~1)*dim H*(M, E)
k=0
and is nothing else but the above index. If E is the trivial line bundle,
the holomorphic Euler characteristic Z(M, E) is simply denoted by Z(M) :=

2 kp(=1)FROH(M).

THEOREM 21.5. (The Hirzebruch-Riemann-Roch formula) Let E be a
holomorphic bundle over a compact complex manifold M. The holomorphic
Euler characteristic of E can be computed as follows

=(M, E) = / Td(M)ch(E),
M
where Td(M) is the Todd class of the tangent bundle of M and ch(E) is the
Chern character of E.

The Todd class and the Chern character are characteristic classes of the
corresponding vector bundles that we will not define explicitly. The only
thing that we will use in the sequel is that they satisfy the naturality axiom
with respect to pull-backs.

For a proof of Theorem 21.5 and more details about characteristic classes
see [5], Section 25.4.

We will give two applications of the Hirzebruch—Riemann—Roch formula,
both concerning the fundamental group of Kéahler manifolds under suitable
positivity assumptions of the Ricci tensor. The first one is a theorem due to
Kobayashi:
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THEOREM 21.6. [9] A compact Kdhler manifold with positive definite Ricci
tensor is simply connected.

PrROOF. Theorem 20.5 shows that there is no non-trivial holomorphic
(p,0)-form on M, so h?°(M) = 0 for p > 0. Of course, the holomorphic
(0,0)-forms are just the constant functions, so h®°(M) = 1. Since M is
Kihler, we have h?°(M) = h%P(M), which yields Z(M) = 1.

Now, by Myers” Theorem ([10], p. 88), the fundamental group of M is
finite. Let M be the universal cover of M, which is therefore compact too.
Applying the previous argument to M we get =(M) = 1. Butif m: M — M

denotes the covering projection, we have, by naturality, Td(M) = 7*Td(M),
and an easy exercise shows that for every top degree form w on M one has

/W*w:k/ w,
M M

where k denotes the number of sheets of the covering. This shows that k = 1,
so M is simply connected. ([l

COROLLARY 21.7. If the first Chern class of a compact Kdhler manifold
18 positive, then M is simply connected.

Proor. By the Calabi-Yau theorem M has a Kahler metric with positive
Ricci curvature, so the result follows from Theorem 21.6. O

Our second application concerns Ricci-flat Kahler manifolds. By Theorem
17.5, a compact Kihler manifold M?™ is Ricci-flat if and only if the restricted
holonomy group Holy(M) is a subgroup of SU,,. A compact Kéhler manifold
M with Holy(M) = SU,, is called a Calabi-Yau manifold.

THEOREM 21.8. Let M?™ be a Calabi-Yau manifold. If m is odd, then
Hol(M) = SU,,, so there ezists a global holomorphic (m,0)-form even if M
s mot simply connected. If m is even, then either M is simply connected, or
m (M) =Zy and M carries no global holomorphic (m,0)-form.

PROOF. Let M be the universal covering of M. Since M has irreducible
holonomy, the Cheeger-Gromoll theorem (cf. [1], p. 168) shows that it is
compact. By Theorem 20.5, every holomorphic form on M is parallel, and
thus corresponds to a fixed point of the holonomy representation. It is easy
to check that SU,, has only two invariant one-dimensional complex subspaces
on (p, 0)-forms, one for p = 0 and one for p = m. Thus

~n {0, for m odd,

, for m even.

Moreover, Z(M) = k=Z(M), where k is the order of the fundamental group of
M. This shows that Z(M) = 0 for m odd. Since h?°(M) =0 for 0 < p < m,
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we necessarily have h™°M = 1, so M carries a global holomorphic (m,0)-

form.

If m is even, then either M is simply connected, or k = 2 and Z(M) = 1.
In this last case, we necessarily have h™9M = 0, so M carries no global
holomorphic (m, 0)-form. O

(1)

21.3. Exercises

Prove the Kodaira—Serre duality:
HY(M,E)~ H™ (M, E* @ Ky)

for every holomorphic vector bundle F over a compact complex man-
ifold M. Hint: Choose a Hermitian structure on £ and a Hermitian
metric on M and use Theorem 21.4.

Prove that the operator
J+ o Qo,even(E) _ Qo,odd(E>

is elliptic, in the sense that its principal symbol applied to any non-
zero real 1-form is an isomorphism.

Prove that the index of the above defined operator is equal to the
holomorphic Euler characteristic Z(M, E).

Let 7 : M — M be a k-sheet covering projection between compact
oriented manifolds. Prove that for every top degree form w on M

one has
/ Tmrw = k/ w.
M M

Hint: Start by showing that to any open cover {U;} of M one can
associate a closed cover {C;} such that for every j there exists some
i with C; C U; and such that the interiors of C; and C} are disjoint
for every j # k.

Show that the representation of SU,, on APC™ given by
A(vy A= Awp) = Avg A - A Auy,

has no invariant one-dimensional subspace for 1 < p <m — 1.






CHAPTER 22

Further vanishing results

22.1. The Lichnerowicz formula for Kahler manifolds

Let L be a holomorphic Hermitian line bundle over some Kéahler manifold
(M?™ g, J) with scalar curvature S. We consider the curvature term in the
Weitzenbock formula on sections of A% M ® L, and claim that this term
becomes very simple in the case where L is a square root of the canonical
bundle. The reader familiar with spin geometry will notice that in this case
A M @ K'/? is the spin bundle of M and the operator v/2(9 + ) is exactly
the Dirac operator.

Let us denote by i« the curvature of the Chern connection of L. We
express (20.7) as R = Ry + Rs. The first term, R4, applied to some section
w®Ee Q"M ® E, can be computed as follows

DN | .

Riw®8) = SR e)wo0) =3 (AP 06 +iale o)

, 1
= i(pMw)®¢ - §a(Jej, ej)w®E.

In order to compute the second curvature term we make use of the following
algebraic result:

LEMMA 22.1. The Riemannian curvature operator satisfies
(ej —iJe;) A (e +iJer) 2 R(ej, ep)w = 4ip®w
for every (0, k)-form w.

PROOF. Since the interior product of a (1,0)-vector and a (0, k)-form
vanishes we obtain

X jw=1iJX Juw, Vwe Q"M X eTM. (22.1)

The forms R(e;, e)w are still (0, k)-forms, since the connection preserves the
type decomposition of forms. By changing e; to Je; and then e to Je, we
get
e; N (ex +iJey) sR(ejen)w = Jej A (e +iJex) s R(Jej, ex)w
—Je; A (e +iJey) s R(e;, Jex)w
= —iJe; A (ex +1iJey) 1 R(ej, ex)w.
147
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Thus
(ej —iJe;) A (ex +iJex) s R(ej,ep)w = 2¢; A (ex +iJex) 1 R(ej, ex)w
= 4de; NepaR(ej, e)w.
Now, using (22.1) twice yields

R(ej, e, e, es)ej Nep Nesae sw = —R(ej,ep, Je, Jege; Nep Aes tesw

= —Rlej, ek, e, e5)ej Neg Nes e Jw,
so this expression vanishes. From the first Bianchi identity we then obtain

R(ej, ex, e es)ej Nes Negpaesw = R(ej, e, e es)ej Nes Aeg e sw
+R(ej, s, €,€)e; Nes Aep se 1w

= —R(ej, e ex es)ej NesNeje, 1w
whence
R(ej, e, e es)ej Nes Aepae sw =0.
Finally we get
(ej —iJe;) A (e +iJer) s R(ej, ep)w = 4de; A ey 1 R(ej, ex)w
= 4R(e;, ex, e, e5)e; A e u(es A e aw)

= — 4Ric(ej, e1)ej A e aw = 4iRic(ej, Jey)ej A ey sw = dip®w.

U
For every (1,1)-form « and (0, k)-form w we have as before
alej,ep)(e; —ide;) A (ex +idey) sw = 2a(ej, er)e; A (ex +iJey) sw
= dalej,er)ej Aepaw = —4a®(w).

The second term in (20.7) thus reads

Row®E) = —gle; —iJey) Alew+ider) s(Rleg,ex) (w0 )

_ _%(ej —iJe;) A (ex +iJex) 5 ((Rlej, ex)w) ® €

+ia(e;, ep)w ® &)
= —2ip"(w) ® ¢+ 2P (W) @&

Suppose that the curvature of the line bundle L satisfies

1
RY = ia = —ip.
10 ZZp
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The formulas above show that the curvature term in the Weitzenbock formula
on Q% (L) satisfies

, 1
Rlw®é) = (Ri+R)(w®é) =ip®(w)®¢ - Ea(Jej, ej)w® &
—2ip® (W) ® £ + 2ia® (W) @ ¢
1
= e e eE="wat
where S = Tr(Ric) denotes the scalar curvature. This proves:

THEOREM 22.2. (Lichnerowicz formula) Let L = K'/? be a square root of
the canonical bundle of a Kdihler manifold (M*™ h,J), in the sense that L
has a Hermitian structure H such that (K, h) is isomorphic to L® L with the
induced tensor product Hermitian structure. Then, if U is a section of the

bundle
SM = (A"°M@--- A" M)® L

and D = \/2(d 4 0*) is the Dirac operator on XM, the following formula

holds

D*¥ = V*VVU + %\If

The Lichnerowicz formula is valid in a more general setting (on all spin
manifolds, not necessarily Kéhler), and it has important applications in ge-
ometry and topology (see [4], [14]).

22.2. The Kodaira vanishing theorem

Let L be a positive holomorphic line bundle over a compact complex
manifold (M?™,J). By definition, L carries a Hermitian structure whose
Chern connection V has curvature RV with :RY > 0. Consider the Kéhler
metric h on M whose Kéhler form is just iRV. By a slight abuse of language,
we denote by 9 : QPY(L) — QPN (L) the extension of VY to L-valued
forms. Notice that, whilst 0 is an intrinsic operator, @ depends of course on
the Hermitian structure on L. We apply the Weitzenbock formula to some
section w ® & of APIM & L:

20000+ 00" (w @ &) = V'V(w R &) + R(w ® €). (22.2)
The same computation actually yields the dual formula
20000+ 00" ) (w®&) =V V() +RweE), (22.3)

where R is the complex conjugate of R. Subtracting these two equations
yields

2070+ 00" ) (w @ &) =200+ 00N (wRE) + (R-R)(w®E). (22.4)
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We now compute this curvature term using (20.7) and a local h-orthonormal
frame {e;} parallel at some point:

(R — R)(w®E)
= iR(Jej,e)(w®E) — %(ej —iJe;) A (ex +iJex) 2 R(ej, e)(w @ €)
%(ej L ide;) A (ep —iden) s Bles,en)(w @ )

= iR(Jej,e;)(w®E) +iJej Aex aR(ej, ex)(w @)
—ie; A Jep 3 R(ej, e)(w @ €)
= iR(Jej,e;)(w® &)+ 2iJe; A ey o R(ej, ex)(w @ €)
= 2ip(w) ® & +iw @ RY (Jej, ;)€ + 2ide; A ey 1 R(ej, ex)w ® &
+2iJej Aex sw @ RY (e, ex)é
= 2ip(w) ®E—2mwE+2iJej Nep aR(ej,e)w@E+2(p+ ¢w ®E,

where the last equality uses the fact that iRV (-,-) = h(J-,+). On the other
hand, the expression Je; A e, 1 R(e;, e;)w can be computed as follows:

Jej Nep 1 R(ej, ep)w
= JejNepaR(ej en)er Nesw
= —Ric(ej,e))Je; Nepaw — Jej A R(ej,ex)er Neg aep sw
= —p(w) — R(ej, ek, e,e5)Jej Nes Nepae Jw.
From the first Bianchi identity we get
2R(ej, ex, e, e5) Jej Nes Negae sw
= R(ej, ek, e e5)fe; NesNeg e sw
+R(ej, e, ex,es)Jej Nes Nejae, sw
= R(ejex, ej,e5)]e; NesNeg e sw
= —R(e,ex, Jej es)e; Nes Nepaesw =0,
where the last expression vanishes because R(-,-,J-,-) is symmetric in the
last two arguments.

This shows that Je; Aey, 1 R(e;, ex)w = —p(w), so the previous calculation
yields

20070+ 00" (w ® &) = 2(0"0 + 00" ) (w R €) +2(p+ g — m)(w R E).

After taking the Hermitian product with w ® £ (which we denote by o for
simplicity) and integrating over M we get

/|5a\2+|5*0|2dv—/ 002+ 0% + (p+ g — m)|ofdv.  (22.5)
M M

If o is a harmonic L-valued form, the left hand side term in (22.5) vanishes,
thus proving:
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THEOREM 22.3. (Kodaira vanishing theorem) If L is a positive holomor-
phic line bundle on a compact Kdhler manifold M, one has H??(M,L) = 0
whenever p+q > m.

22.3. Exercises

(1) Let L be a negative holomorphic line bundle on a compact com-
plex manifold M of complex dimension m. Prove that L admits no
holomorphic sections. More generally, prove that H9(M, L) = 0 for
q < m. Hint: Apply the Kodaira—Serre duality.

(2) Let L be a positive holomorphic line bundle on a compact complex
manifold M of complex dimension m. Prove that there exists a
positive integer k(L) € N such that H?(M, L) = 0 for all p > 0 and
k> k(L).






CHAPTER 23

Ricci-flat Kahler metrics

23.1. Hyperkahler manifolds

The aim of this chapter is to obtain the classification (up to finite cover-
ings) of compact Ricci-flat Kéhler manifolds. We start with the following:

DEFINITION 23.1. A Riemannian manifold (M", g) is called hyperkahler
if there exist three complex structures I, J, K on M satisfying K = 1.J such
that g is a Kdhler metric with respect to each of these complex structures.

It is clear that a metric is hyperkahler if and only if it is Kahler with
respect to two anti-commuting complex structures. In the irreducible case,
this can be weakened as follows:

PROPOSITION 23.2. Let (M™,g,V) be a locally irreducible Riemannian

manifold. If g is Kahler with respect to two complex structures J and Jy, and
if Ji is different from J and —J, then (M, g) is hyperkdhler.

PrRoOF. The endomorphism JJ; + J;J is symmetric and V-parallel on
M, so by the irreducibility hypothesis, it has to be constant:

JJ,+ J1J = OéIdTM, a € R. (231)
From the Cauchy—Schwartz inequality we get
o? = |ald]? = |JJy + L J2 < 2(|J L)+ [ J)?) < 4T )7 = 4,

where the norm considered here is the operator norm. The equality case
can only hold if JJ; = BJ;J for some real number 3. Together with (23.1)
this shows that J.J; = 7Id for some real number v, so J; = £J, which was
excluded in the hypothesis. Therefore we have a® < 4. We then compute
using (23.1)

(Ji + JJJ)* = (o® — 4)ldrar,
so the V-parallel skew-symmetric endomorphism
1
= ——(1 +JJ
Vi)
defines a complex structure anti-commuting with J, with respect to which ¢
is Kahler. U

153
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Let H denote the field of quaternions and consider the identification of
C? with H* given by (21, 20) — 21 + j2o. We denote by I, J and K the right
product on H* by i, j and k respectively, which correspond to the following
endomorphisms of C?*:

I(Zl,ZQ) = (iZl,iZQ), J(Zl, 22) = (—52,21), K(Zl,Zg) = (—z'ég,z'il).

Let Sp,, denote the group of unitary transformations of C?* (that is, preserving
the canonical Hermitian product and commuting with I), which commute
with J (and thus also with K). An easy computation using block matrices
shows that

A B -
-4 § soe] ).

It is tautological that a 4k-dimensional manifold is hyperkahler if and only if
the bundle of orthonormal frames has a reduction to Sp,.

LEMMA 23.3. Sp;, C SUgy.

PROOF. By definition we have Sp, C Usg, so every matrix in Sp, is
diagonalizable as a complex matrix and its eigenvalues are complex numbers
of unit norm. If v is an eigenvector of some M € Sp,, with eigenvalue \ € S*
then Jv is an eigenvector with eigenvalue A=

MJv=JMv = J v =Xv=\"Jv.
The determinant of M (as a matrix in Moy, (C)) is thus equal to 1. O

This shows that every hyperkéhler manifold is Ricci-flat. A hyperkéhler
manifold is called strict if it is locally irreducible.

Let now M be an arbitrary compact Ricci-flat Kahler manifold. By the
Cheeger—Gromoll theorem ([1], p. 168), M is isomorphic to a quotient

M ~ (My x TH/T,

where M, is a compact simply connected Kihler manifold, T' is a complex
torus and I' is a finite group of holomorphic transformations. Let M, =
M, x -+ x Mg be the de Rham decomposition of My (cf. [10], p. 187). Then
M; are compact Ricci-flat simply connected Kéahler manifolds with irreducible
holonomy for all j. By the Berger holonomy theorem ([1], p. 300) each M;
is either symmetric or Calabi—Yau or strict hyperkéhler. A symmetric space
which is Ricci-flat is automatically flat ([11], p. 231), so the M,’s are not
symmetric. We thus have the following:

THEOREM 23.4. A compact Ricci-flat Kahler manifold M is isomorphic
to the quotient

M~ (My x -+ x My x Mgy X - x M, x T)/T,
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where M; are simply connected compact Calabi—Yau manifolds for j < s,
simply connected compact strict hyperkdhler manifolds for s+1 < j <r and
I' is a finite group of holomorphic transformations.

23.2. Projective manifolds

A compact complex manifold (M?™,.J) is called projective if it can be
holomorphically embedded in some complex projective space CPY. A well-
known result of Chow states that a projective manifold is algebraic, that is,
defined by a finite set of homogeneous polynomials in the complex projective
space.

PROPOSITION 23.5. Every projective manifold has a positive holomorphic
line bundle.

PROOF. Let Q be the Kahler form of the Fubini-Study metric on CPY.
It is easy to check (e.g. using (13.1)) that the hyperplane line bundle H on
CP" has a connection with curvature —i€2. The pull-back of this line bundle
to any complex submanifold of CPY is thus positive. O

Conversely, we have the celebrated:

THEOREM 23.6. (Kodaira embedding theorem) A compact complex man-
ifold M with a positive holomorphic line bundle L is projective.

A proof can be found in [3], p. 176. The main idea is to show that a suit-

able positive power L* of L has a basis of holomorphic sections {0y, ...,on}
such that the holomorphic mapping
M — CPY x> [og(x) ... on(2)]

is a well-defined embedding.

COROLLARY 23.7. Every Calabi—Yau manifold of complex dimension m >
3 1S projective.

PROOF. For every compact manifold M, let A and A* be the sheaves ([3],
p. 35) of smooth functions on M with values in C and C* respectively. The
exact sequence of sheaves

0-ZZ A A -0
induces an exact sequence in Cech cohomology
- — HY (M, A) — H'(M, A*) > H*(M,Z) — H*(M, A) — - --

The sheaf A is fine (that is, it admits a partition of unity), so H' (M, A) =0
and H?(M,A) = 0, thus proving that c¢; is an isomorphism. Notice that
H'(M, A*) is just the set of equivalence classes of complex line bundles over
M, and the isomorphism above is given by the first Chern class ([3], p. 141).



156 23. RICCI-FLAT KAHLER METRICS

This shows that for every integer cohomology class v € H?(M,Z), there
exists a complex line bundle L with ¢;(L) = . Moreover, if w is any complex
2-form representing v in real cohomology, there exists a connection V on L
such that (i/2r)RY = w. To see this, take any connection V on L with

curvature RV. Then since [w] = ¢;(L) we get [2mw] = [iRV], so there exists
some 1-form @ such that 27w = i(RY + df). Clearly the curvature of V :=
V + i6 satisfies the desired equation. If the form w is real and of type (1, 1),
then the complex bundle L has a holomorphic structure, given by the (0, 1)-

part of the connection whose curvature is w.

Let now M?™ be a Calabi-Yau manifold, m > 2. Since SU,,, has no fixed
point on A%°C™ (see the last exercise of Chapter 21), we deduce that there
are no parallel (2, 0)-forms on M, so by Theorem 20.5 we get h*°(M) = 0. By
the Dolbeault decomposition theorem we obtain that any harmonic 2-form
on M is of type (1,1). Consider the Kéhler form 2 of M. Since H*(M,Q)
is dense in H?(M,R), and the space of positive harmonic (1, 1)-forms is open
in HYY(M,R) = H?*(M,R), we can approximate 2 by a positive harmonic
(1,1)-form w such that [w] € H*(M,Q). By multiplying with the common
denominator, we may suppose that [w] € H?*(M,Z). Then the argument
above shows that there exists a holomorphic line bundle whose first Chern
class is w, thus a positive holomorphic line bundle on M. By the Kodaira
embedding theorem, M is then projective. ([l

23.3. Exercises

(1) Show that every holomorphic vector field on a compact Ricci-flat
Kahler manifold is parallel with respect to the Levi-Civita connec-
tion. Deduce that Calabi—Yau manifolds carry no holomorphic vector
fields.

(2) Using Theorem 20.5 show that every holomorphic form on a compact
Ricci-flat Kahler manifold (M?™ h,J) is parallel. Deduce that up
to constant multiples, the only holomorphic forms on a Calabi—Yau
manifold are 1 € Q%°M and the complex volume form in Q™M

(3) Let (M, J) be a complex manifold of even complex dimension m =
2k. A holomorphic (2,0)-form 7 is called holomorphic symplectic if
7% is nowhere zero on M. Show that if M is compact and admits a
holomorphic symplectic form then ¢; (M, J) = 0. Hint: The maximal
exterior power of 7 is a non-zero holomorphic section of the canonical
bundle, which is thus trivial.

(4) Let (M, g,J) be a compact Kéhler manifold carrying a holomorphic
symplectic form 7. Show that there exists a Ricci-flat metric h on
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M such that (M, h,J) is Kahler and that 7 is parallel with respect
to the Levi-Civita connection V of h.

(5) With the notations of the previous exercise, show that if (M, h, J)
is irreducible then 7 defines a hyperkahler structure. Hint: Write
T = a+ i3, where a and 3 are real V-parallel 2-forms, identified by
h with skew-symmetric parallel endomorphisms. Show that 3 = aoJ,
and use this to deduce that o and ( anti-commute with J. Conclude
by an argument similar to Proposition 23.2.






CHAPTER 24

Explicit examples of Calabi—Yau manifolds

24.1. Divisors

Let M be a compact complex manifold. An analytic hypersurface of M is
a subset V' € M such that for every x € V' there exists an open set U, C M
containing x and a holomorphic function f, defined on U, such that V NU, is
the zero-set of f,. Such an f, is called a local defining function for V near x.
The quotient of any two local defining functions around z is a non-vanishing
holomorphic function around z.

An analytic hypersurface V is called irreducible if it can not be written as
the union of two smaller analytic hypersurfaces. Every analytic hypersurface
is a finite union of its irreducible components.

If V is an irreducible analytic hypersurface, with local defining function
@, around some x € V', then for every holomorphic function f around z, the
order of f along V at x is defined to be the largest positive integer a such
that f/% is holomorphic around z. It can be shown that the order of f is a
well-defined positive integer, which does not depend on z, and is denoted by
o(f,V) (see [3], p. 130).

DEFINITION 24.1. A divisor D in a compact complex manifold M is a
finite formal sum with integer coefficients of irreducible analytic hypersurfaces

of M.

D:=) aV;, a€Ll
A dwisor D 1is called effective if a; > 0 for all i.

The set of divisors has clearly the structure of a commutative group.

A meromorphic function on a complex manifold M is an equivalence class
of collections (Uy, fa, ga)acr Where {U,} is an open covering of M, and f,, ga
are holomorphic functions defined on U, such that f,g3 = fzg. on U, NUs
for all o, 3 € I. Two such collections (Us, fa; ga)acs and (U, f5, g5)pes are
equivalent if f.gs = f49. on U, N U for all « € I, B € J. A meromorphic
function can be viewed around any = € U, as f,/ga, provided that g, does
not vanish at x.

159
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ExAMPLE. The expression “z1/ze” is in fact a meromorphic function on
CP?, defined by the collection

Z2 <1
Uy, —, — U, 1, — Us, —,1
( 0720720)7 ( 1, 721)7 ( 27227 )7
where U; denote as usual the canonical holomorphic atlas of CP?. This ex-
ample illustrates the fact that a meromorphic function on M does not induce
a well-defined holomorphic function M — CP' = C U {oc}.

If L is a holomorphic line bundle over M, we define similarly a meromor-
phic section of L as an equivalence class of collections (Uy, 04, go )acs Where o,
is a local holomorphic section of L over U, and g, is a holomorphic function
on U,, such that 0,93 = 039, on U, N Up for all o, 8 € I.

A meromorphic function A defines a divisor (h) in a canonical way by
(h) == (h)o = (h)e,

where (h)g and (h). denote the zero-locus (resp. the pole-locus) of h taken
with multiplicities.

More precisely, for every x in M, one can write the function h as h = f, /g,
near x. For each irreducible analytic hypersurface V' containing x, we define
the order of h along V at = to be o(f;, V) — 0(gz, V), which turns out to be
independent of z, and is denoted by o(h,V’). Then

() =3 o(h, V)V,

v

where the above sum is finite since for every open set U, where h = f,/g.,
there are only finitely many irreducible analytic hypersurfaces along which f,
of g, have non-vanishing order.

Similarly, if o is a global meromorphic section of a line bundle L, one
can define the order o(c, V') of o along any irreducible analytic hypersurface
V' using local trivializations of L. This clearly does not depend on the cho-
sen trivialization, since the transition maps do not vanish, so they do not
contribute to the order. As before, one defines a divisor (¢) on M by

(o) = Z o(a,V)V.

\%4

If D=5 a;V; and f; are local defining functions for V; near some z € M
(of course we can take f; = 1 if V; does not contain z), then the meromorphic

function
[17

is called a local defining function for D around .
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DEFINITION 24.2. Two divisors D and D' are called linearly equivalent if
there exists some meromorphic function h such that

D = D"+ (h).

In this case we write D = D',

Clearly two meromorphic sections o and ¢’ of L define linearly equivalent
divisors (o) = (¢’) + (h), where h is the meromorphic function defined by
o=dodh.

24.2. Line bundles and divisors

To any divisor D we will associate a holomorphic line bundle [D] on M
in the following way. Take an open covering U, of M and local defining
meromorphic functions h, for D defined on U,. We define [D] to be the
holomorphic line bundle on M with transition functions g.g := ha/hg. It is
easy to check that g,s are non-vanishing holomorphic functions on U, N Uy
satisfying the cocycle conditions, and that the equivalence class of [D] does
not depend on the choice of h,,.

ExAMPLE. Let H denote the hyperplane {zyp = 0} in CP™ and consider
the usual open covering U, = {z, # 0} of CP™. Then 1 is a local defining
function for H on Uy and zy/z, are local defining functions on U,. The line
bundle [H] has thus transition functions g.s = 23/%4, which are exactly the
transition function of the hyperplane line bundle introduced in Exercise (4),
Chapter 9. This justifies its denomination.

If D and D’ are divisors, then clearly [-D] = [D]™! and [D+ D’ = [D] ®
[D']. We call Div(M) the group of divisors on M, and Pic(M) := H' (M, O)
the Picard group of equivalence classes of holomorphic line bundles (where
O denotes the sheaf of holomorphic functions). Then the arguments above
show that there exists a group homomorphism

[]: Div(M) — Pic(M) D [D].

Notice that the line bundle associated to a divisor (h) is trivial for every
meromorphic function h. Indeed, for any open cover U, on M, h‘UQ is a local
defining function for the divisor (h) on U,, so the transition functions for the
line bundle [(h)] are equal to 1 on any intersection U, NUg. Thus [ | descends
to a group homomorphism

[]: (Div(M)/=)—Pic(M).

Suppose now that [D] = 0 for some divisor D on M. That means that the line
bundle [D] is trivial, so there exists an open cover {U,} of M and holomorphic
non-vanishing functions f, : U, — C* such that

fa _ ha

= Qo3 = — on U, NUg,
fb Gaps Ry B
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where h,, is a local defining meromorphic function for D on U,,. This shows the
existence of a global meromorphic function H on M such that H |U = ho/ fa-
Moreover, as f, does not vanish on U,, the divisor associated to H is just D.
This proves the injectivity of | | on linear equivalence classes of divisors.

Now, every holomorphic line bundle of a projective manifold has a global
meromorphic section (see [3], p. 161). If L € Pic(M) is a holomorphic line
bundle, we have seen that a global meromorphic section o of L defines a
divisor (o) on M. We claim that [(0)] = L. If g,.s denote the transition
functions of L with respect to some trivialization (U, 1), the meromorphic
section ¢ defines meromorphic functions o, on U, such that g,.s = 0,/05.
From the definition, o, is a defining meromorphic section for (o) on U,, thus
L is just the line bundle associated to (¢). Summarizing, we have proved the
following;:

THEOREM 24.3. If the manifold M is projective, the homomorphism | |
descends to an isomorphism

(Div(M)/=) — Pic(M).

24.3. Adjunction formulas

Let V' C M be a smooth complex hypersurface of a compact complex
manifold M. We will show that the normal and conormal bundles of V' in M
can be computed in terms of the line bundle associated to the divisor V.

PROPOSITION 24.4. (First adjunction formula) The holomorphic normal
bundle of V' in M is isomorphic to the restriction to V' of the line bundle [V]:

Ny =[V]|,-

PROOF. Let i : V. — M be the inclusion of V' into M. By definition, the
normal bundle Ny is the cokernel of the inclusion i, : T2V — THOM }V and
its dual, the conormal bundle Ny, is defined as the kernel of the projection
i AlvOM‘V — AV, Thus Ny, is spanned by holomorphic (1,0)-forms on
M vanishing on V.

Let f, be local defining functions for V' on some open covering U,. By
definition, the quotients g.g := fo/fs are the transition functions of [V] on
U, NUg. Moreover, since f, vanishes along V' which is smooth, we see that
dfa}v is a non-vanishing local section of Ny,. Now, since f, = gagfs, wWe get

dfal, = (f5d9a5 + 9asdfs)],, = Gas|, dfs],,-

Thus the collection (U,, dfa|v) defines a global holomorphic section of N}, ®
[VHV, showing that this tensor product bundle is trivial. This proves that
Ny =[V]|,. O
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We now denote by K, and Ky the canonical line bundles of M and V.
Consider the exact sequence of holomorphic vector bundles over V:

0— Ny — AYM v AV — 0.
Taking the maximal exterior power in this exact sequence yields

Kul, ~ Kv @ Ny = Ky ®@ [-V]

Vo
SO

Ky ~ (Ky @ [V])],-
This is the second adjunction formula.

We will use the following theorem whose proof, based on the Kodaira
vanishing theorem, can be found in [3], p. 156.

THEOREM 24.5. (Lefschetz Hyperplane Theorem) Let V' be a smooth an-
alytic hypersurface in a compact complex manifold M>™ such that [V] is pos-
itive. Then the linear maps H'(M,C) — H'(V,C) induced by the inclusion
V. — M are isomorphisms for 1 < m — 2 and injective for i = m — 1. If
m > 3 then m (M) = m (V).

Our main application will be the following result on complete intersections
in the complex projective space.

THEOREM 24.6. Let k be a positive integer and let P, ..., P, be homo-
geneous irreducible relatively prime polynomials in m + 1 variables of degrees
dy,...,dy. Let N denote the subset in CP™ defined by these polynomials:

N:={lz0:...: 2] € CP"™ | P(20,...,2m) =0, V1<i<Ek}.

Then, if N is smooth, we have Ky ~ [qH | |N,
and H is the hyperplane divisor in CP™.

where ¢ = (di+- - -+di)—(m+1)

PRroOF. Notice first that IV is smooth for a generic choice of the polyno-
mials P;. We denote by V; the analytic hypersurface in CP™ defined by P;
and claim that

V= d;H. (24.1)
This can be seen as follows. While the homogeneous polynomial P; is not
a well-defined function on CP™, the quotient h; := P;/ zgi is a meromorphic
function. More precisely, h; is defined by the collection (U,, P;/z%, zgi /23).
Clearly the zero-locus of h; is (h;)o = V; and the pole-locus is (h;)s = d;Hy,
where Hj is just the hyperplane {zy = 0}. This shows that (h;) = V; — d;H,,
thus proving our claim.

Forv=1,...,k, let N; denote the intersection of Vi,...,V;. Since N;y; =
N; NV;11, we have

[Nipal|y, = [dis1 H]| .- (24.2)
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This follows from the fact that if V' is an irreducible hypersurface in a pro-
jective manifold M and N is any analytic submanifold in M then

[VHN: [V NN

We claim that
Ky, = [n:H]| ., (24.3)

where n; := (dy +---+d;) — (m+1). For i =1 this follows directly from the
second adjunction formula together with (24.1), using the fact that Kcepm =
[—(m+1)H] (by (9.5)). Suppose that the formula holds for some ¢ > 1. The
second adjunction formula applied to the hypersurface N; 1 of N;, together
with (24.2) yields

KN1'+1 = ([Nl-i-l] ® KNi)Ni+1 - ([dH—lH] ® [niH])|Ni+1 = [ni+1H]}Ni+1'

Thus (24.3) is true for every i, and in particular for ¢ = k. This finishes the
proof. ([l

COROLLARY 24.7. Let dy, ..., d be positive integers and denote their sum
by m+1:=dy+---+di. Suppose that m > k+ 3. If Py, ..., P are generic
homogeneous irreducible polynomials in m + 1 variables of degrees dy, . .., dy,
then the manifold

N:={[z0:...:2m) €CP"™ | Pi(20,...,2m) =0, V1<1i<k}

carries a unique (up to rescaling) Ricci-flat Kdhler metric compatible with
the complex structure induced from CP™. Endowed with this metric, N 1is
Calabi—Yau.

PrROOF. Theorem 24.6 shows that the first Chern class of N vanishes.
Since m > k + 3, the Lefschetz Hyperplane Theorem applied inductively to
the analytic hypersurfaces N; C N;.; shows that N is simply connected and
ba(N) = by(CP™) = 1. Moreover the restriction of the Kéhler form of CP™
to N is a generator of the second cohomology group of N. By the Calabi—
Yau theorem, there exists a unique Ricci-flat metric on N up to rescaling. If
this metric were reducible, we would have at least two independent elements
in the second cohomology of N, defined by the Kahler forms of the two
factors. Since b;(N) = 1 this is impossible. Thus N is either Calabi-Yau
or hyperkahler. The latter case is however impossible, since every compact
hyperkéhler manifold has a non-trivial parallel (2,0)-form, thus its second
Betti number is at least 3. 0



(1)

24.4. EXERCISES 165

24.4. Exercises

Let F,,(k) be the Fermat hypersurface of degree k in CP™:
Fo(k) :={lz0:...: z2m] € CP™ | sz = 0}.
=0

Prove that F,,(k) is a smooth complex manifold. Show that F,,(k)
carries a Kahler—Einstein metric with negative scalar curvature if
and only if & > m + 2.

Show that every smooth cubic surface in CP? is diffeomorphic to a 2-
torus. Hint: Use Theorems 24.6 and 18.1. Conclude by Proposition
6.7.

Let L = M x C be the trivial complex line bundle on a compact
complex manifold M. Show that L has a non-trivial holomorphic
structure if and only if H*'M # 0. Hint: If 0 is a non-trivial
holomorphic structure on L, and s is a nowhere zero section of L,
one can write s = a ® s for some a € Q"'M. Since 0> = 0 one
has da = 0. The cohomology class of o in H%' M is non-zero since
otherwise one could construct a nowhere zero holomorphic section of
L. The converse is similar.

Show that every complex line bundle on CP™ carries a unique holo-
morphic structure up to isomorphism. Deduce that the Picard group
of CP™ is isomorphic to Z.
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